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System of linear equations (SLE) - ( x+y :20
% ol S xFHy=94
. hinear Means..no. x. Yy or_a factor above X ory,
- SO_nao__X* or \/g B
N
Jn_a function y=mx+q, g is the offsetf
(intersection wWith Y -cxJs) and _m s the slope
. 5/@{4*’ viewr 00//)(: - Lirsk 00INt Of view 10 haeor
eauatmns 7—e aeomet:r/caL interpretotion s ;Cmmma
= %he inv‘erﬁectcon Of ines in a piane (R?)
- basic_algorithm to solve a SLE: o
" 'E,()L/Q reclucecon (/ Gaussicn BLi.fY)l;’)OC/‘lbf\) o
\_ auQmenﬁed, MAEtrix of a SLE - a system of linec
egud"tmn5 SUMMAri zed by o coCfFiaent MQtrrx
L and & _yecEor of righthancl sicle numtoersg/ven
inthe mnatrix _as well. _ )
y X % - MREEAE
. 0, en A=l i b - [20 ->\L[—] el 1 I &3 ¥ -
[2 y N ET R PR
- Dimensions of a matnx .
(1ow x_column) = Number of equations » #uarioble
) EOM/VQ/P/H’ ma/{ﬂ/lCPS are J'Y)CLh/ICQS UJ}’)O e LQLLQ;
SPondund.  SLE's _are al uvalent, meanin g
I y shére the sSame solutwon —— °
,Eo_w;agmva lent : when one can be thm QLL,
- to_the other (nadrix) e_gzufim;a frous
loperations. These ace.. o N
170w replacement @%@ Q)
,.\ Raow acaling (D> @/2) N
~ Brow exch (D@ and @)
N




U_SLE can have.:

-
1) _a (,Lr)z'(/)mo solution ) ™
2) infinite many solutions } SUS{-PM IS _consistent
ﬂ NnNo_ _solution s 6u6f€m LS /ﬂCClﬂSuSJLCD{I -
Aldhen we try +o_solve. g SLE, the questions woe
o Qs oursel re : I
® sthere o 60}u+/‘on7 ~
© /5 +he solution unigue?
—
O matrix _can_be. in three forms. :
1)_auamentecl ~okrix B
Z) P(‘(\AP\OF\ forim "
—useful to see (€ Hhere exists o solution
ancl £ _it’s unigue
Conditions _ |
©all non-zero cowds are above zerowsld 1 3 4y =
© pivot BF Q row s in A column forhe o 1 O |
r:ohf of the pivot of+ine cloove rowl(o o 3 & ™
G) ajj entnes below Q POt Are 1exo o o o fgj .
3) reduced oo _echelon form (RREFE). .
Conditions: . -
szvo’rs are equal to1 | © ©:3
@ e0lh pivot 1s the onltd NON-ZErO Jo 1 oy
element. . the column lo o :5
o N o . - ™\
RPivot : |eft-most _non-zeco element in a row
Pivot columns__define bosSic variabies wihile L
WS define  free varicbies —
S Ffrom a makrix fo the echejon form

: Bpgm with the leftmost non-zero column.

This is Q pivot column The OOt osition
1S ot the 0o B

| LME@M_OM_MH_MDLQMOL@MQH

,meQLMMQ exchange  rows to

e : J
move _This eﬁim\jgmfo e*,o/ Ot 005! Hon

™\

_ 3.lUse fwfapjagemeatp/oﬁggapnﬂ i crealeé

N



zeroes in all oos:ﬁons helow +he ,olmf S

4. Cover the row containing the ﬂl\/O'fﬁQsSlhOﬂ

and__all rows above (t

poly Steps 1-3 +o

the maotri X Fhat rématns cihol repect unttl

N0 _MQOre Non-z2ero eteao rows can be modify

(q0ina from echelon form o RREE:

1. Be

udbarct to the

djm wWith the rightmos+ p(\/of and WO
fj eft , crecbtunNg zeroes abou

J
each Qivot UsSLNA O feoﬁacementmemﬁof

)
7fapu/oi— 1S Not 1, make Lt i) b&l “QW‘_""

aCa Lm&) o‘oef@{:(,on .

5x0\mpte :
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RCENE

Xi -'lX)‘ +X3:O

L"Ll)(. Le). &Y *9)(2,,’.9

N A,Ed:ufe 2 .
B Meatrix equation = | A x = b with x_as the solutic
= wector.
Dfmensinng of A detecmine the amount Of Solut/ons
L A= (m nj_m@amjosﬁﬁwles% I
B o m=>n : olutions

- No 5olwtmn




‘_k[\r\/umn /| Pufoomf another way of solum G SIE.

Kt bu loolrm\c} et the coliumns l/@(‘fOF (Ofumns g T
/‘P,or*eoenf LoiNnts in G Plane

Vector operations. - B
1_Scaling R o
AL i B = [u PRI NetVAL
c in R =c Ve scoler C. Ve -
| Valooulbipiecfv [ €U
2.000uknn. , ™
A, A i R” : A " r/U', AN +AT = | A, + U‘»v\
AT A, AL, +U‘,\ B
Lin] LA A A
AJhen uswng geas DOLH operations. 1k (s ‘called a
. (inear mmbmatu\n of tun vectors
AJector equaton yg + AN = k_)ll
™\

JF 30(,{_ can wrtte g vector U as a _linear

COMmbination wwof +he vectaes 1N o O/L/Pn Set . M

of o wvectocs in [R” ()FA).,/U,,._ U{\L@Q

U= C Vit Coar.. +CpVp , then Y 'S a _linear

b
combination OF U, ... uUp Loith welgnts ¢, . cp

—any SLE can be porttten as a vector equation
-to solve o SLE, we need to £find out (B +here  —

exists a Unear combination of the columns of

A that results in b — B

,CO)LU\Q{\ pOint Of view : B

Mo soluwecons

[ X + 2323 (in row LR PO 'aarcdlek Lnen) B
. Xr20=4  ua T ——
_olumn Ui(’pl)mmt _/—}‘—fi 2 b -{3]

take Afmm, ll 2 Ll\

ATE_Nel  A> =2 - (L,A0 AX S Q scalar multiple of w

There i's ‘QQ—M%M_LD_EQL% I o . — &

| @wwwm@bﬁ” /
e o QQLQE.L@EEME_UOP ) //1-4 L




INFIIITE mqug souTIoNs

. Same. lne.)

[ X +21eD (ROWr eusoomnt B
\ ,’ZX+‘—IH =0 U ar —
(o(urvm uzeu)fooin;b «q:[' 2] b= C X=X -
~ take w4 inlR* [2 Y4 [ O [ Y|
e can see that Ar=2-( cnck b :ﬁmgegaba@_
o the luine Of WU and 45, SO +here INfinite _mMmany
, J
- _#Qoﬁ&m_gczwm Sﬁ,i: : k= 2y B
- J}:rxq = 24 %xr— = Yis Free -
. So ae LL\A)~ : g1
B loarame,tr:c, vectoc formm
\ Ge?nmetrwat lﬂtf’forehlﬁﬂn v,
77‘;; olutLon set :5 Q . .
R luwne 1n o plane N o
__ |(the lWine (s defined by w) . S
e o = N ) 7 x
| Span {w} - the set of ail possible scalar multiples
- N of Ly [/F {u)?‘ Onlu contawns one \/ec+or’)
i — W@Wﬁﬁ@m‘gﬁpm
/Oafa_metnc, vector fornn: S
B 1.LXQQQS§___6 ﬁm;&ﬁw_ms_zm_fr_ezuables, R
2. Fill X workh only free varniables and seperate thenr
L when there’'s moce than one .
3. AJrike the vectors as multjples of o vector with
N M@M@Q@_*_r,ﬁ*#‘_w
‘ &&am,alc o
- I x.- 3%, - 2Xz =0 TA bl = r| -3 -3 i l______,,‘,,v,,,
9 ((X,23%X, +2Xs > ( X,z DRer2¥3 . :
{ 0-=0 I free , -
\ _L._Q_CL_ X3 is free r_j'g ,9;.,
! x=Ix, 1 = Bxasaxs| = [3xe] = [2xa]= xo |23 ] » xa|2
B X | | Xz Xz 0% I &
W Xa) ] X3 4 ] O s R | \
— ADAO AT _and W in -&3 o
%EWMMA set
\ s oany possible. ég_mz__g%ac& _of 4wo vectoers in IR3.
g — thus o plane inlR® . " lLnear -




The setof all oossib)e linear combinations ™
|of +he uectorQ in G _given set of © vecters N
in R” v, an, %, /5 called Seleta SO0
s 50/uma C 6Lt means +o inveshgote ¥ _k_) /LS
N_the span of the columns of A
o = F b S in +he set of all possible linear
combrnatbcons  of the columns of A

HOI’Y)OO@hous sustem (' MNGLCILX  vieus)
/ZJJhen the b vector 1S eqQuod +o xero, SO

A= (m x n) > )_&‘-PX‘—’ ~_
As
| )

Jt always has ot leas+ one solution!

- Trivial_solution @ X =0 =~

— - 2 ,aos&bnhtles
1) Onlu trivial solution ™)
=0 free yartables  pivots in every colinan -

S QJALﬂmi;f@ many solutions
= trivial soldton « infinite others free
Larcables

~

U hen soluin mhere _bJo, the solution
: set 1s equal to that of o hom()8 eNOUS

S.Jarem plus a vector wohich 1s° b @momﬁed

] bJJL the 5&@@0@@&1&@03 as_ those needed l
8 get the homogenous system in RREF.

|
|
~N

_________ Cxampe: s .
[2xruy-6 A={2 ul pdel x-[] axbp
‘_><+1%—3 L2} ]3] [y

. H1Ax=0_ = _@=0 (®:@-20
[aio)-fauiol ~fi 2iol~fi 2io] ~

I 2: 0 2 4 . G| O 01 0] g
S()Mhonset [ X4= zu X=[X] = :lgq'— Yi-2 )
fne n a plane 3 is free .\:}- L'\j - | ~




iy 2. Ax=b @0  @@-20 N
(A (2 wiel=f 23l ~[1 203 -
\ |\ 23] 2 4:6] Jo oio -
< el o3l = €57 g .
_ N 3 6 lOl /
T @0 00—
- Sofut(;on set: [ x *l\d:—’x > [ X=23- ZU _
0=0 - Ly ELQQ____AT_,_____ﬁ
- X = |x] = 3-241 - (2] —'ujﬁ Hale ul-2
B Y 8 o %) ol Y] ;
e - - J A LU g4 - o - 3
= homogenouss%srem +lo
The scluticn set of Ax =b s a translated. version
N~ of +he solutlon set+ of Ax =0, translatedc bfjj o
particular solution e of Ax=b.
AThen you know the solution set of the homogence
- Susf’em you can_finck _the solution set of Ax=b in 3w
¥
_ L’iow solue fﬁl b—l”’ . .
L_‘dp;g'mmﬁ’__\g::_ . .
\ 3. You spot one onrﬂ,cutar Solution of Ax =in and ad
Lt o the solutwen set of Ax=0_ o
Lecture 3
N AMPQflq incle pendent vectors -
— MZZAL.B)_QE‘L_QL_Q_LZQQ_WLj _saic to be. u@_a_uj ,,,,,,,,,,

independent /f the vector equation CiVit ... +Cplje =0

o QK)& has the trivial solution C c=o ),,,,,,,,,,__ S

ey
e _connot Loccke A vector in the set as &
\ | linecwr combination of the Mmrs.4&m€76it
~ K&m@ﬁkﬁ‘ R
-Jf the set contains a _O-veckor, IE'S Qui:o_matncou%,
hoss //nearlu dependent’ o -
- the %P%- ombj contains one wvectar, £¢r_u: +o Loe ,
\ linearly independent Ar#£0.
g =JE the set nRY enly contains MOyﬁctog er i+ H

_be line eacly inaepenclent 4 and J/Lmaéjinoft,loa




scalar multiples of each other )
- if o _set of vedkors contans more vectors Hnan
entries in Q vector, then the set |s hna'vlu
CLepeﬂd,entfz‘P P>N _in f/U \),,7\ in IR )
- _Maximunn /;mPar/u m(]e.oenclﬁot vectors
- in R” s n fecause. SOON 4l Adey s lTpnd
Lecture Y o -
Thurdl ©oint of viewr to solve a SLE -
The 9emmetr(m\ Nterpreration of the modiix M
equoation A x=b .
-
OPERATIONS WITH MATRICES ~
- I Vi | Lrn.i-c.on
A= (hn xr\ kQ:(r\f\) oroo\uc;k»~(m’~|\
A:[a b] o-[e proouct = | @@n ¢
c _d ¢ G-e -d f =
nrooerbues . .
: QCur/U\ A-w + Aar R
: Q(c-_u_L\,-CQ-L’A. with ¢ in K -
- Matrux -matrix _oddction. -
onlu possible when both matrices have e samg
dimensions = sum IS an element-ise Sunt .
A-lo b ¢ @B:-lu v w| ABfaru bro ciul
a e [ X U K._ ‘df-x e+y Prz
— (2x3) (2x3) (2x3
,,,,,,,, - | scalar multipbecation. -
c- A with c. in R
A= [a b c.A-lca cbl )
X 0l C-X C-u
) (?XZ{)‘ i (zx?.)j-l h
- | motrix -matrix_mulbiplication,
%mbefo‘?
C)ﬂ{(j possible wWhen +he *columns of A are
,ea,maL to the Nnumber of rows ot B ~\
A=(mxn)  B-(nxp) A-B = ({n xp)
.




[ & o -
A-la b | B-lc s t
a e PJ{ W U W]

) g>‘\ L:\JZ, =

9'B=r0*r*bru+c-x O\‘S+b~u+C»Lj Q- btrours c-& N
Ad-c+e - u+f - x C)\—S+€-V+P~8\, Al-tre ~wb -2 S

maokrix transpose (A 3 o

M%MJM Mdi_,__ :

A: la b c A" - o d] .
lad e € b e o
(2 x3) c_ £1@x2)

foro,oe,rtdeS'- )

(A7) =A -

 fABY = A B | o

'(’L- ’qyr x . B with r {r\’R.‘

» (AR = BT AT (reverse order)

power of a nmatrix

QDL:L_d.EJ:mﬁCL£o_ square modrices  (n=n)

A-A. A -
| ——————

< o o
‘Iamat% Nabrix A° (Jn) -
fFoll 0€S _exc he N
auaaom wheeh s fuled with ones. -
J°.= ) oW
(G2 &) [
J oo i -

@mg ol -mabuc B

[IVEAR TRANSFORMATIONS (eguotion Ax-b)

Matre A 15 seen as an operotor +hot tramsforms”
x _mto b, so A iS5 a matrix transformation : c linea

{:raf)sfofMQf'LOfL +hat coan be rpppeSe:n+s=QL b-ﬁ_QJmod'r/;\ N

A=l >n) bz (mxi) X : (fhxsd R
A:R" —= R™ . .

A
X b= bH=0.x




So/umg a SLE (Ax=b) means to fino all ™)
vectors x _in R” [with A=(prxn)) which are R

transformedl into a vector b _in R™, uncer the
action of A

TRANSEORMATION

d_transformation [/m@lzn'D;hg) from R” te R™ /s a rule

that asswgns to each wvector x_in IR” a vecetor S(x) B

n IR™ U? + R"=> R™ (/
_— domaun __co-domaoun d[w;to Syrbo| )
-5 (x) _1s the /magp OF X
- the seé of aldl uva\c}eﬂ S (x) s the range of x A
™

A tronstformation s linear if -

1) 5 (u +AS) = 3((}) + 5(4_)’)

) 5lcud= _c B5l) with cin R

V AU _matrix +ransformotions are linear ~
(:raerOrmatCOn s/

- Ana' 35(B) = ) 3

CL maér/x ;ann >F0fmahon /S como/pfe/u dﬁb(ifm/n ecl.

bu what & does +o the columns of the wlen t/tJu

mat‘nx

example : we have o Llinear transformation SCx) B
and  we know A =(3%x2)  AShext is A2 o
. annuren: e must be able to do A-x SO :
X=(2x1) oand b= (3x)) -
Sc: F(x): R® - R (awre want to get b =A.x)
. take x=[x,] B(x):=Aa.x-:[kx, ,V,__]Jam_&*ﬁ_mﬁm‘—“;
L X2 k X,
&icau/le th domains is IR v _J_ Xy rhXe | D
I o SeN=-3 (i) = [ k] 3le,)- (o)) = [0 N
é} elz , ~ jol tob )l :: -
A-[ste) sten]=lk o o -
o k ) ] =
R : Lk~




fecéure )

mactrix fransﬁo;rmahmx ,that represents i—hﬁ_ﬁprCLﬂOa’\

Lo +he vertices of +he shape. .
| S B
We can combine linear wmb'maﬂcmﬂ_use.&&gﬁ,
= when rotatng sihapes:
1.transiate +he matrix (col)em—:qg the vertices) to O.
- 2.rotatfte it (b}j means of MmAtrix +Fan,¢£QcmgLLQa),,,
9 3.transiate the rotatect madrix_lback N
_%__HOJAL@_ELAQ._@_MQLQL_EA_&)QL gives the same
result, when mulbiplied with A, s G row operation
~ - £ acts on the rows of A = it's applied on Hne lefe.
o 1. Row reduce the makrix 1o RREF cnd write down the
R rows operation
- “M%M_QLgpﬂ@tmlﬁqrﬂe%_&ep,
—meaﬁ)_to_m_carres 'ty madeix
| Now you obtained En, with n"equal tc e step
— Lm_mtlp%_&v&ﬁlj_ﬁ)ﬂ_to_ﬁbmm . 0
o > £ s the inverse of A . o
_ JUVERSE A" -
Tbe INVErse mull:[/oilﬁo( with +ne nritha' nMatri x o
Moy qives & 4he _identity mnatrix O _motrr x 1S invertible £
\ Jth,e EREF of A is"J and every raverse iS wnigue.
o Progar%_g;S_'- .
- JE A s iovertible modrix, then A~ is alse inveckible :
1. (A7)'. A o
. 2. (AR = B - A" (reverse order)
3. (AY -@) . .
N HOUJ to (ompube the inverso’ N -
A:(n x D\, Jn _[.@ Qn-l FE
\" QQU'Y cecdiuce rﬁ 1(\-\ untllk  upia oejc rjn' /\J_@ﬂd
yowu can reaclk C)PP a N o .
\ :El"%:),] S t 0-] ~ | |o“\~ 0.; i—‘/?-:t So“ﬁ“;:fn—‘
- 0 2% 01 0 elio /2._\ © 1io Y2 Lo




1 To 7501\/9 A x _/,)

ou__can_ éeither :

y
1) row reduce f A: b7 ~

2) 1f A is invertble Xx:=A". |

Singular matcix - a_non-invertible maodrix

{ecture &

Determinant : number ussocucd:ed WIith o square ™

MAatrix, (t tells whether a matrix 15 /nl/Pfhb/P

= A is invertible & det(A)=]A]l % 0

Jnuechible  notrix theorem -

FE A 5 invertibie Fand Onlu (i

Gl\/en A= (N x r\) POCA,LS on a cerctin rouwor

—
~(t's rowr e.aw.ua(enl- to the Lc(en(-/tu N x
‘there’s ,,O/vofs in every cows ancl colc,uvm
~there ocwe no free iartables N N
the columns of A are Luwmqu inclependene ™
*columns of A__span R"” y
-Ax=-0 has only. the trivial ki X=0 -
/—b_m@ has _only _one solutcon
clet(A) #o -
How to com pute the determinant : |
1) Cofactor _expansicon I
2) gauSSiam elinminateon I
N
Cofactor @comgjon
TN

(”oh,uvm { (oref’erabhj WlEn Hhe nmest tecoes)

cet(a) - 1al- 2 Q.

with © Qi (S +he en.‘:r\u} of A at position (i, )
Ciy 15 the cofactor (1.1) = (- CLQHA.E\

—

Ai, is the ‘%mhmab’l)( Qlven bu /e,mm/.nm
—_— J

ow_L_and columndi from ,q

The determinant of a  (2x2) makrix 15 equal to
|[the product of the mauwn diagonal menwsy Zhe
pfomuf the other duagondd (ad-bc)

e



The determunant of o 6r¢annulaf gr@ﬁi@ oaa(

- Mmadtrix ;s egual to the ,Orc)%(mct of the eéntrie
\ on _the mawn Ol ’agonaL,
A example : A = "-39 s '\T} focus 00_column A
0.2 ! dewA-=-YauCe
- | 0 o)l 2 3. Cyy*0-Csi + 0O Ca, .
— Car=(=1) | 2 |~ | ~"/z~|—\-o)=?_ —
- O ,
So__dex(A): 3.2 =6 o
[Or,; upoer br\;cu\SudQJ mokrix  so det(AY:=3-2:-1%6) .
\ Aecturce 1 -
(aussian _eliminotion S
~ YWe know the echelon form of comakrix (s Qﬁupp
tmanouLm matrix, 5o we just need to knows how
— rowr oogrod:t,c,ns (hanoe +he determinant and
- O»Doh,\ the opeosite fo +he determingant to get
- the O Guoal N -
_ K(OW ceplacement: N effect &
- _ ¥TOWY &cabmg : r\gm‘tnﬂouj determinant m(knm
o ¥row exchange : multiply determinant With -t~
example. : ¥ ? . - 7 .
. Az lo s Y ~[2 uad~fo u ¢ I~fo gy ol uw v
H -5 0 m'-l -SG\Q -uli@@ \‘/n@o'\‘/.,
N 2 Y4 \ o 5 1 © S v}l lo o /u
ﬂ 6\’0’)61]}’46 ﬁ)md@ D X -1 r\(ﬁ (5)/ i Deex-w
- 21 QR .Zf) D:no efteck ﬂ(’s) A-5Q 0O nc_f.&ejjc
|00 detlA):(2-1. 4) =9 00 o
\\_ Ez:qgeéccm s _of detecmwnant
, 1) _clet (A7) = clet (A) )
o 2) (F A cnd R are both sguare matrices : det(aB): Qlﬁzt(ﬁ) -cleft
. 3\ 6 _A=(nxn) anc c inR : cletlc-A)=c" . clet(Aq)
\()Wg";; COm,O/ o +h b e
o y mj e zn\/emp Y means of cofactor expansico
¥ | JF A is invertible A Ai jﬂd, A S -
- Qd—l A = CLd.IM.OCLtP maotrix_: matrix of _a cotfactors,

fransposc cL




/fP(X’ufe 8 )

ANector sSpaces G space noou(nteot by vectors. ™

To have o vector f)sCO(‘P ooe Need to Ig@ able to:

1. add vectors (n the %DO('P and s+l Sl-au e

+e space

2) mulh ply o vector in the space bu a_Scalar .

ancl 6(:83 N _the soace.

/11‘2) LineQr comhmatLonS of vectors in the vector

Space qQives_vectors in +he. same. soace.

3) 7(9rm/e>cian (o) must be in the vector soace ™

»AJhen o _condition 15 true, we call it close. wnder
the  sawd rule’ |

r s es_caure linked to the cefinition of
linear transformatcon : ~
LS (Urar) =3(uw) + S(as) N R B
285 (car)=c -Sr) with ¢ inR g T
3.5(0)=0

~ L
Jn general . R™ is a veckor sooce

A/Oo unom/a( spoces are also vector spaces

L*ﬁ) CaxlEbx+C =0

SUDSOO«(‘R cht of o veckor space mlmch IS G

P space  (tself T/”)rea/LQ,QecH es 1o be

£ ALFLLLGOL -

1 Close _under vector add tcon

D Close  under scalcw muld %ﬂitaécbn ™

N0 1S in Hhe ‘)pLhSOOC,Q,

= because (ts alreacly m a vector space, all the

Other propecties are fulfidled.

—

o O(')QSIIO/P subsoaces of " .

1. R
i_;z__@a; ' Oﬁs_ﬁﬁb_tgb ﬁ’lﬁ_CLL%n (o) ~
o Bk.all ﬁdm&ij:b_o% ibLLgm (O)
. yal erspaces. through fhaaagLan (o) O

LL@:OV@QLQ(J oy

J|




Ade _can deline the climension Of o vector (suh)spa

. by _the cequurecl number of /,,'moar/jj inclepenclen
\ vectors 1O 300N a  vector soace .
Jn _/7_3_” we need N |ineculy inclepenclent pectors
N Wa) _)B_l ANE_Can  USe  SPan 4;} L » (L})e fhrough (®)
- Jn general, any span of p vectors in R” s G subspac
of R". Y _ . |
- ﬂ/ﬂ)ensfonsﬁ‘ number 0 f_pivots in _echelon form
9 number 0f columns — -
hank. between veckor soaces and  SLE’s : o
N Two vector spaces connected to cobfficient
mokrix A .
N~ 1. Coluumn SOACe of A - fO/ A
2 Nl s3pace of A: Mul A
-
N COLUMN SPACE  »in echelon form
Col A = span_of the columns of A :Sloanifg%,‘urazi,f
9 To solve_a SLE_ find out if b i5in Col A (Ax-b).
o The column space (s a subspace ot R”
N laotth ™ the number of r0wWs _in A . I
) JtS Adimensions e the number of '.oi‘vofs [in A)
= example :
A= J~ [ \‘1 ~ i ] - columns of A are in R3
‘x 4 2 O -2 o 1 Col A 1s strictly o SubSpa«
| o ol 1o ol o of-duim(o\Az2 tplane in RY)
- : SPQ“f[%l+Iéli~ S —
- DULL SPACE o -
\ A vector socce that collects all the solutions to the
o homogencus 5u§'cemA_§:4_>,hltLQnﬂta_@5 all_XS Such
— bha £ Ax -0 #)145.-17VMA=L\<:X/: in® anol Ax=0%
To finol_ Nk A, uee neec to solve Bx-0.
= Wo _oeptions ) B
1. Ax=0 has only the trivial soluton ., PLREA .
L Nul A=-¢ add dem Nl A=0
. R.Ax=0 has infinite m solutions (look at RREF

N

[lul A /s a subspace of




Lul A =S0an [ free variablesf -

cdinn. NNl A: number of free vacicbles ™
example :
A=liaz 0 -1 A\ ~[) 22 0 - 31~[1 a6 0 4 207
3 & 2 1 4 0O 2 2 4-5] lo (0 % :8'/;
o 2 | 3 i} Jo o - -l 6] Jo o e gy -6
S0 X,z 3Xyu-20Xs X = XQ_,%B— + K [ -20)
Ko = =Xu * 8Yxs o Bl ~
X3 = =Xy tb X5 ot | 67
i Xu (5 free #l © )
\ Xs 5 free ) ‘ @) \
) - T3 -20 = e ~
So Nl A - Spa(\{ = L1 [ ond _dim (Wl A - 2
e s -
fecture 9
Ceometric interoretation _of Nl A:
Lul A 15 the osolution set of AX =0 where ~

A s a _matrix transformation that trans Formis

amj vector in the Jolution set of Axs=o /o o.

{hen A:=(n x n ), we can compute the A

oleterminont and in SOMeE _Coses Fhe iverfe. .

Two_ cases : S

1. A s square such that dwn uf A-o, meaning ~
Ax=0 only has the trivial solutwon (Wl A-5%§ |
meanuna _thele. are no free varwables so -y
det Az so A s inverbible . Thus, given angy
vector x _;oR” such that A x=b , the Ubrcm.s for= )

mation can be invertea - A b =x

_ l2) Ax:=0 has infinit ny solutions 50 )

Q;d/\m il A < and Nud A +{o% So

) N\
there ot free Larccbled
Jo  _cet(A): 0 50 the matrix is Nok —

npertiblie 50 the as ransfornmai-ion cannot

be reverted. (we Cannct get x back) — ~




RAS\S OF VECIOR SP(—\C&—‘%

Q_L’laﬁm_f:ar_lﬁ__&_ﬂﬁﬁ_mamd_éﬂ: 4)13_\4&@04 N

I'\) ’ MPQ/’)/nO the nminimum amoun{: of et

- 5panN /',’l .
o Standoud /:)()6168 columns of  Jn
R : &-IL] [ R E:Lle. ... edY Tn-le... e
- R°: F ”7/ ][ 7( etc
.
Ade can define dufferent coacdinate Sbﬁf@”/‘S, where
\ each OOu')/{' is_represefnted uncquely .
- _,ﬁamtﬁ_dg_goj_d;ﬂieg_m Bzgjzt,mﬁ@é% in_+he way
= thew (ocation s referred to.
e The ‘normal’ coerdinote sustem iy under the o
. standard  pasis : [xJes x = traditional coordinates
B i AN A O
_ represe e same space, to lugtug__ﬁpeaf
A |features
A 773 know the coorcnates of a point _relative to anott
kasis (cdifferent from [X]E),. we need to know Hne
- weights  Ci.. Ca Bucih that Cb,+....«Calos =[xJa
. ;un‘éﬂ X = TCq
\_ Lcad -
example :
. AT = 2] _AE = fad B IU QQZLM&Q&LS EL/R
| |2 express (8, FHrelatwe to B (- a\
1le Iaj : 30 +2-0, so |als:=[3]
) Z 7 .. ¢ 24 000
N )
S /he Joa:né IS a_ Aaearfﬂanaﬁofmuhonim ia:m@@omf
b [xL into D(J; So : |B.I[xX1e =[x S
s 5_1544/@:(;1264 : 'Pgﬁmgam Fals ¥al aLS o
L be reverted ‘| [ x1g - BIXJE_,,,,i B
(— . I




Rasis for column space anchk null space - -
- ™\
LULL SPACE
The bosis IS the lineady independent veckors N
(or free yariables) (when written in +he |
orametric vecktor form -~
example :
A(RREF):~[) -2 6 - 3] X = 12X, +Xy Axs | ~
6 6 1 3 =3 X2
lo 0 o 0o O] Ty = Ty )
X= [2 T+ o [17s xs[-a] Xy
I | IO 6] Xs B
I 0 I % 2| so_ dim M A=3 ~
{ 0 I | @] Bn,:A rr% é —g‘] ‘
[6) g 4 P
0 Lo [, LisL LIS
COLUMD _SPacE M

The basis s the pivot columns in +he origingl
atrix , So F) has +o be row reduced first )
(D2 31 ~[1 23]~ (@D 2 31 Bcand[1] 21
2 (3) u o 9 8 o (i) 2 2l s\ B
-5 6 -3 o 16 32 0 0 _o -5, 16 1.
LR ; h . L ol e N
. |RoWw 5PACE ~
Row. A is +he set of all hnear combinations of
the rows of A ~

. Kow A s _the number of /mearlbz inde pendent_rows.

cum Rows A= dum Col A" = dum. (ol A - Ecmk(ﬁ) )
Basis for Row SPACE . -
The basis (s +the PivOt rows in +he El— or RREF
-  _\welreces .
example : -
A~[t 0 02 | B,,WA={J:J 0 o02],l0 1 04l
| IO o o ™
|l looc ool . o |
N




RALK OF A MATRIX

Jn_ o mateix A:(onxn), n s equal to the Aumber

o free variables olus the nuMber 0 bas/C

vartables , B0 :

o n: clum [)_M/LA*‘OLL/YL (ol A MMMLA)
_— S—————
[’ree variables basic variables
o Rank of a mokrix = Rank (A= dum. (ol A
- __M@Lﬁwﬁ_t&uﬁw_mmw N
- Ir A s squace, Rank (A)=n .
7~ )
g and _invecrtible ‘
Four fundamental 5ubsoonces
- (ol A o
N - Nl A
- Powo A
— - Nl ﬁj
- | Lecture 10
g To translate an Ob.e(‘,b WE uUse _homoqgeéenos

coorclinates. THIS Neans worlcmo in’R™

With the last row. of the  to-be-Yranslated

(‘)biP(ﬁ ’(

Yo examol
A e u)aII/C to translate X .
o Jﬂﬁ?,)(= )\,-\ e — U"X‘*h
)(7_\_ , X2+k, N
- t"f omogenous coorclunat es : X=Ix1 mnRk?
N & P
4.1
, The translation matrix 1S: |1l o hl|
\_ o I k| -
V o o 1)
Lecture 11 -
U ! f_LQEQL/C’_QtQL\S Of & square matrix A=(nxn) are fht’:
o Non-zero vectors for which the ﬁmsfacmatfaafﬁx

lies in the same cdliirection of X . Meaninha




the transformation A% is A sealar noultsple .

SO : Ax = Aohere X?‘(’) oncl A inC

of X pohere ﬁhey re both on the _same hine. ~

The scalar A s called. tha_e,memuw

FE)r a homoaefms ousl'em Lf there are

nbinite many Solutlons., )\’L’L_haﬂ ewgenualiue

of A.This iS also forminvertible. maﬁ{cps ~

JA s square - A-(axn) B

- There ace olivaus rn genvedues , SOme. of

which might )o% comple X

- Jf /\/ /s _k times an ecoenvacue of A, then

the mué(:ao/;mty of )\U/S K

For each _eCoemraluﬂr there are ;nfinite

many __egeénvectors ant theu all belona -~

te a:/w)oéor sSpace  which 1’8‘1(\0 (Llecl tn

Pu”en space oﬁ A B

To checic it . vector Ol 1S an eLaenvector

lof A /P’Y)L/LLCLOIU A with aﬁ}c,L see I

,, MMMML& ok L

example : ; : ~
N A-Jo 1 =0 At d2]l #XxTL _so & s not
|1 O] | ]L2,_ 1] an Q,L%enuector L~

To checke (£ oo scolcur P 15 an elgenualue

of A, me nPeoL to (*hed@ /F Hf)ereu/s L

er&or X ;=o such _that AX = px.

190 AX -pX =6 — |[(A- ol\x:

So  this k)om ws  system mmst_w_

non- trivial sotutiens (€0 com Ply Lol X #0)

190 (A -p-3) must have free variables” for p

to pe an @ggeoc/aug; o~
&@mp/g ) LI
a=1o 1| I3 A=t an_ ewgenvalue? )

L O& (iF 50, there exists ¢f X£o SuUCh thor AR =1 ) .




-l o] A-1D-for 1 Tofr ot odufi o]

,,,,, g
o |\ 1 . Q- | 1J()Q

X Jhere exists o Free varable , 50 A=l is an
. P(ﬂ@n\mlue oL & . .
. &@mgémgwf N=1) 15 the vectorspace

Lectung all ewgenvectors Of A(z1)

They are m +hp eron ~trivicl 5olutLon aet O

(A NN SO B

e Mull space of
(A~ A-J). -
example : . o
o AMi o (A4 D= 4] (x,=x, O R=xl1
e o_0 2_)(7 (5 FTRE 1
(A-r]) = ST;O@QTC!T?? = eLgeﬂsoaca of A=I
N 1
Ho the basis for +he elgenspace is equal to
- the lnsis for the DL (A-1-]T) ) .
N 1 Te find all +he elgenvalues 0L A= (axn):
A 1. Generate +he determinant of (A-x33)
2 Lonstrain the determinant to be O - [A-A]l=
. 2. This aives a. polunomial of cleqree. 41
- th»éj 1S (‘ha}jmr+9f:sﬁc ,O?‘S/unormcd of H
- 4. LWhen oolumg, 1€ (IIUPQ N rOOES ‘// Ihey are the
eLgeniv/alues . J .
- pxample ) .
- A-l2 1] there ,@C&,_Z,,LLgﬁaualfAesf, .
4 2
A-A) = To 41-Ix o1 =To-2 4 ] S
1 9._\, o )] 1. 2hl
o et (A-A-3) = (2-N(2-N) -4-4 = 4-HA+A* -] )
. = A -4A43
s AConstrain t0 0 30>~ 4A4 3 =0 )
A-D(A-3)-6 N o
. Al=0V AN-3:06
Yo N=1 \/ A=3 S

. Sﬁ ‘H’)F twoo CLgf/A\ZCLL Ues are A=| Qa(L 1\ 3@,7




Jn o I'ru“angukaf matrix, the ecgmn;/a/u es are the

entries on the mawn cuaszonat. ~

\PROPERTIES OF EIGEVALUES :

1.LF V=0 15 an -ecgenuatue ofA, then A s Notr

INnvertible -
2. The product of all ecgenvames s equal
o _the determinant ~

3.7The s of all ecaenvalues is eoua(, to

.

the trace (ﬁ))uﬁ the sum o(i +he

entries on the main Moonat reoard/ass
OFf s Form . % '

b JF there are n  dostinct elaenalie.s —

then uou can find unear/\mj ;‘Jndenenc{ent
eaenvectors

Tmo%rtam(: row _operations do Chcmge

the epge Nnualues l ~

de(’:(A -AM-3) =0 5 the characteristic. equation )

Lecture 12

NMATRIX _SIMILARITY _
U _matrix 15 similac 0 cnother matrix |
when there ex(sts _anma nver tible mnairix ~
P=(nxn) such that:

A- PRPY <« B:=P'AP ~

Jf two matrices are tima osammae Similar, they

have the scame. e,,oenua(ups and the same. ™

QL&ﬁeLmLamt-,,,
det (P = defCP) o

mQTRIX DIAGOU/%LIZHT]QL -

m@@% Matﬁ_L'X_DijuaLtO_““
L,'j:#_éju ch ¢t - A= P-DP,

__compﬁce_._ﬂjgfucomputw +h L .

envalues of A glac;e Hhemn ~
mau CtpagomaL of

J|




- mai fhe /I/)PCU’/L
mdeoer)c!ent ewqgenveltors of A Ymeaning thd

A mMﬁt have %’I\SHOC[T N ecaen(/aluu‘j

To find the linearlu mdenendeauau: c @

, m&gfﬁmﬁ

mua £t cal M&t@i&bﬁ_ﬁiﬁﬁ@/@@&i LDO:C‘,W,,i,,,

JF the emenua/um cre Not all O/L;iémct A

can stdll Be dicagonalizable.

Given a specific ecgenvalue of A Hfm ncmnber

| Of lineacly mcLene,noLent Qg ény /be(“/é assocated

J
(ﬂn‘h e ezocnsna(e IS PO\l{LCLL to the Clinm ensi ol

of tne &oa% soace L@«JE_I’ZALL (A->x3))

\Jn

al, dinn Nl (A-A-Y) < i’Y)U-[,tLD//(l[\u o@ /\

JP Stricklu <, then there ace Dnt eﬂﬁuoh

, Cmpad\(jo md.eoendenF vectors

1 The sum of dimensions of #he

agehﬁmed has

1 to be ﬁg_@a[_ to N{=number of e(ifj)enva/ues) )

excgnnplei :
a s #zanaulqr sD etf'f,/)l/a/u.es are entrie

A=11 2

1O 2]

__on the m@mm@g@m A= Agz

a0 D= L o]

(O 2]

,6149@

For P we need to find two Imearlg lndﬁ@ﬁﬂﬂﬁn

ugctocs_,,f, —
(A-1- =[o 2]

ot

X 5)(4 ) ﬁree

%X,

g

L) LD X IS0

A2 (A-23) -

i Bhas T
OB

;): =9X2 X _qu 2
Oilﬁ_**xj_ 15 fee 1]

,Qawg can (;QJ\;C, «tL CLQ&_UZ__QAS_QLA{_C_Qlum/\ S oLk

P-[D 2]

1

0, | P T [d b] -

o \

[ o]

-

Ho Dpp:’ = 1 2]
1O 1]

Lea)
(-2] = y)
:) ~-\J;_:0___2 [:D

=2l
|

.3




excmmle 23 3

A - 'L{ L) L5 N=-3 on QGLLCLLULQ) ™~
2 -3 l\ s A dthﬂ@ﬂa xable.”
3 s -2 ’ - S _
A-CsHNN%-0 1 1e(1 4 4] 2wu4ﬂ4xﬁw"
‘ 1722 lo o o \ 0
: 39 gl 0o o0}l o L
/PH\S-D; Ia) ) A ™
Jo_the eic enspace of A=-5 = Nul (A+sL)
. = span(]~] [47) cim =2 -
| o) theretcce /Y)ulélﬁil_&fu of
(Lol [1] | Aess ys 2y B
(there caur ' values equal to ~5)

(£ Ny =-5_ then A is not cuaaona(/mblp

Ty race(@\) Sumn Of entries on ma/ndcaaonat -

= dum of eggen\/qllws
“4-3-2 = ~5-5 1 )\, W ~N

Az =1 ZALAN, 00 A 1s cly ‘CLS{OY\OLIIZZQ‘OIF?

A 15 alagonalixable. (€
. - there are 1L distinct ecgenvalues a
- or the sum of the dumensions of the
ecgenspaces /s equal to n.
e N
To compute AS - \U\,\A/ L we can also
k AN

_d&c;ganag.l& A__ancl compute PD<Q"

Lohere. D s eqguay toJ;he entries oNn the main

. -t

d,baooaat o the power Of o -

rCL : -(,; B
lo b_ : - N
2. T/~ o -

= = o

’fﬁﬁ_ﬁuﬁ_;]&ﬂ,_w,, -

Y

—QMMLQL,L&EQ@m QLA - PDP™. =
A 15 matrix Mansﬁo,amhonﬁﬂepreﬁﬁgbi -

a Lummgﬁcmmamm B(X) ¢ N

3(%) : =R (Ais square). o




o X > AX = B . -

Mowy, because A s daagonna,cah/e -

Xr—él\x

X > PDP" % B ﬁ,,_"',”

P 5 invertible. A0 the columns of /O are

o /)Pouence of 3 hinear transtormations @
)P x
~7

Lunearly mo{e/oendent N0 there afﬁ

v,
n_ lineasly mdeoendenf ectors in 4

A6 the coltmns af P orounde a.

basis tor R

"> th ey also. de a
rPofesentatLon ot the P- LQQLQ/:;OQB

ystem . P fxl [x]

(técatton doesn’ fcmnae)

2\1’)[9 'fil\ D[x1e —fBL

D transforms a LoINT 1) R" wto

anothec point in R (location coes

rhcmae) -

DP(D D“txﬁ Piblp = [B)

P tranéfom’)j L Oomf from. the P-
coorclinate s fo the ot Qna&cL .

coordinate Youstem (£)  (locatcon

doesn 't chande) -

Only D Changes . the Lo\%atmm 30 D s ﬁmo o

fnuJ/J(’LemL £ the fran‘sformahon A in the

P! ¢ portlinpde sustem. Ho -

D _i5 the  P-matcix ot the transformation x> AX

Onis is true for any motrices A and € that are

—— ———

similar (C doesnt N ecgéaafrly _have to be

dxﬂgamaLL izd%t:':f;blzﬂv-_ S

[_X] —< (_F)ln o

COMPLEX EIGELVALUES o

JWO__compolex  eenuUclueés are c cony ug ate

for Q%rﬁcit_j[/x A [a matrix with or)/j Leac
entnes) because the character/stic. pOﬂmOml,Q,L,,,,

lwill_have real coefficients. - - o




WJhen workina with o rototion matrix, B

a (OmoJEX mdmber aives. information ™

aboout " +he anale of k/j’otcutLOr) (ewgenvalues)
The ewgenvectBrs awe informadicdn about

the dx‘/ecaon Of Jmfanon ‘

y Qi—bb—fe sl ) = man_(%)

=L =~0+1-L( — ai@ﬁtm/ﬁo):a%an(%))

Lot Lc_lfan =tan:=arctanl @ €= % ~

leen a._qQeneric. rotation (}f 6 i R* -

/9 /_coséj -5in Q] A 1D compElex for all &

[sine cose] osuch that 6# 2kt VE#pkny

C-la._ -bl a_and b are real and not both O
lo  al Aa=atib ~
Xza+bi=0-e% elosb +i-5in6)
Q=L cos 6 R =
b= (D SN e
So C-= focos & -psinel-plcs 6 -sin6l R
D 5iN & ,;o cO5 6 [oin6 cos@)\ .

~_
ROTATION MATRIX

'=:o ollcos © -508 o

£0 o[ 51N 6 cos B S

2
SCALILG MATRIX "

—

Yo the linear transformation |5 : Xe> (X =SRX| ~

= CL oequence of two transformations

A e

hictden (nto C o rotation and then -

o Scaling
J

I Ais a real (axa) mafmx With a complex

eLaenwvalue & A= o -LCb (Io:tn\ and an

a‘sjéomabed ecg&r)ue(,tor O lfL(r then we
can _always funcl a natrnix (. similar +0 A

AUCh that o ~

A PCP” z Befu) Jmf/uﬂ .




AWhere. C s o transtormmation eauza,Leoi;é ,,

&n A in the P-coordinate suskem
C _is 6@’(1/1/(}‘{/6’1")t to o rotation  followedl bu
s
O 66&/(/)9 in the P-coordinate. 6\(/1u+€m, B
Lecture 14 ;
- JURVER PROVUCT (DOT PRODUCT)
'I’Y)uL(:/oluma two vectors. X and G in R”™ wohich
\_ o J
results’ A a scalar (R) - .
A XelU =Xx"°y (1xn)Cn=1) =(yx1)
L 9 o J
exomp/e-'_ : . =
R x-[3 g5 X-u =43 4/ 15[ =2315+8-23
o J
o i & 8 | o
S & S—
PKOPERTIES -‘
~ D X0 =u-x
Y E— a5
, (x-r'\j\- W= Xel w Yl
- 'é)(c-i)-g = ¢ (X- u) with c in R
. [@MXX>20%, =0 iFX-0 -
- ﬂorm, s the L@ngth of (_{JPZ&F mh; ch 1% aqual
to  the sguare root Of the dot product of
. the vector woren self - IRl =X+ X wWith. X_in R"
examgzle, _ ;\/x EXir %l
_ x:[a]  IR-Jy 2% [z 31131 -J32+22 -{I5
l2 2
- PROPERTY
e Xl = el J])sﬂiiéc_xléc X)) - V,Lx =3 Jc XX AE X &:)
(and IX|* = x-%) — )
Dismnce between two veckors - LJ_, o -
o A, ) =N-0l <0\ -al “W**: —p U o
1TUDIT VECTOR S
~— (L _irector wolth LP]’)O‘H’) egual 1o 1, A0 WSl=1
J6 ‘create o unit vector from o vector, Simply
Qivide b;ffh e;krﬂo;:mJ T
—_— ,A/,U~ g_| AT lurn— . o




ORTHOGOMAL VECTORS ~

Orthogonal vectors are. srectors LONO_Qre : ~

perpéndicilar to each other: {1 G

wo vectors are peroer\dxcuL@(COItLo%onal)

X P cocin — L
LE

XU =0 oC_Uy-xXx=0
\J J

ORTHOGONAL SURSPACES -

Jwo subspaces are acthsgonal £ evecy vector  ~

Ta oubsp&ce A s orthﬁgonol +o euerbj other

vector in subspace B. =

Thecefore, A and B are both €rom Hhe sanne

subspace [otherwise X4 _can’t be CON),Q(M““

SN

The xero-vector (B) Is orfhogoa@ to any
Other vector (ana (tseif). d

KELAaTIOOSHIQ BETWEEN COL A, ROWA UL A, DULAT

A=(Mxn) ,, —~
Row A _is a subspace of R
Dul A 5 a subspace of R” , -

(Uny_ Linear _combination of the rows of A js

orthogonal to X,3uch that % is in Nul A

b0 Xis_orthogonal to the span of the h

rows of A, 56 _Row A
So: iRouwr A LNulAL

Thety oo AriGagnanl comalement, e
ML_LQQMMUI /‘Q

Because (t/s true for oanu makeix A {soaiso )

(Rouws AT Y= Nul AT

(Col A)J— = Nl A" .

Jo finde an equation for Nul A (tnefine
orf plane (t spoms) youw must multiply

X wlth the rowvettor (with pivet) of Yhe

RREF g of A. o ~

L2y 1ol lo o0 x| (Ax-0)

A-T1 2 sl 2 STLLS{)CKAQXQSMQ N

X3 A




ORTHOGOMAL PROIECTION S

Projecting o _vector b onto anothec vector O Sucin

J
that +he end of 1~h€ DFO|P(“HQH 1o the endof b

) Ortm&:ona( to a : /%;

N
How can we cnal 57 v )
- ’E) 5 in_the span of { 3 Ao "5= X - O with x in (R
“ » hour can we fund. x? , -
- - elLa, wth &=b-p I
_ = 20, a-8-0 — o -e-=0 ( cot prodmct)
o {5- 5) :0  (substitution)
o7 (B -x-4) -0 [(suostitution)
a- E_;x-afa = Q (uJorlah% out bracket:
o N— 1 S:a? ,/mov:'ng to other siole ++
S0 5= x-O:%F -8 = Peal B
s This is a  linear transformation that transforms
\ 5 (nto 0 m—
- Corresoom{mJ madrix P ===
( Recause SER L e SO F o PB=p)
- P isS G ormectuon Matrix generated | '1Jﬁctor
50 Ronlk (P)=4and P is symmetric = B S
p-
We projeck to fund _an _approximate solution
_ o a  BLE  that (s inconsistent. .
| This solution s called the Least Sguaces
- Qolutwn: Aector X 15 the orthogonal projectio
Of the inconsistent veckcc onto the Solution
set ( Col A) such thatlx-(ATAY'A B lana
the pr%iectc'on nOECIx 1o P =3
— Lecture 15
Jo _fincl_a_line thot best fits a set ofdata,
e use v=axtb and (x, W) of the points ta
(‘[?QF? a OLE ana fmd) G vPctOr 6 o o0 il
approximate s the points as well as OuSIble
L Me_A_,LSS ((ATAYEA" L) 4o ﬁmﬁ%&:th

X, = N d X > = b i r\ \/ Q X +b*f,,7,,, [




| example :

Poiats: (1,0) (2,2) (3 2) and y=0x+b S
110 +b fa+b=1
JerO*b S SLE‘-) 20+0=2 S
1:30+b 30 +b =2
5% A= 1] =011 X :-[a]
) 2 1o
[3 2 -
3155 - (A"A)x - A'B  (use RREFE!)
AA=TL 2 31 M d=-liw g1 AB-=l ¢4 ™
A il ) | \Le 3 | B
| 13 ] f .
Lo v giat]~2 3 %0~ oi] (i '3‘/-;_1»\_
[ 6 3 5] |9 yi¥| o 3:i2 O 1%
5.9 X=|Y]l-sy=VYa x + ¥z
/3 d L
A ~
Unale betw@_en twa vectors A '1 oy

To ctlculate the anqgle o (L the or tkz%zczn@( N
Oro: *gaon oF one - vector D/’)to the ofher

|50

'E\L"ﬁ\"' /(y- M

cos x = | u~ol becouse D=

Lol HATI\

Iloll ‘\lﬁiwr\\ Ivl o\

l Tav.
3 e oS (cos -2)

—

T
lloll’—‘ff— and

LLEGVAN ||

ORTHOGOLAL SET OF VECTORS

 set where all yectors are non-zerd_onol ~

orthogonal €0 each other, this is alao

~

To calculake the 5 for a _solution

Q. bdsws for the oubspace (orthegonal ~

aet of can orthogona bosza anal_cvector

X, notead. of Boluing AT =X, We. con

Wwae = |C; = D’?=§u.v

X
T ARV

?t

ORTHOLORMAL SET

Qr onol vet, with all vectors equal ta
Cen?t 1 (unct vectors)




i _fth seLr: {4};{_(24§ duﬁJ:P -
Or thohormol oeb: 185, . 38mt  dilm =p

'T\ne baosis of an @rthormaL set s an Orth(’r

normal basis. ond. rt's o standarc basrs.

JB an._from ol basis o an orthonormod basis :

é} Grann - Schmidt methocl s

4 .

{ g p b =P, €nk (standacch kasis)
} N

S :%?? 6; = _”PQO:L V2 = £, ’T%'\

(D

PROJECTING A VECTOR OUTO A SUBSPACE

Jo project o vector onto a subspace, crecke.

£ reumdris A such that ks columns are the

vectors  in the baals.

To proteck the vector, mulkiply projection

matrb)( P wilth the vector U\J‘\}\ere,

P =AATA) AT

Jf _the basis (s an orthonormal basls then
P=A(ATA"A" - AA

i D because 0, Q,=0 (i€ dim ﬂ='ﬂ

JE A s a é()pLOf@ MocErix _andh mvea’bub)ﬁ,i;h&ﬁ%

columns Ofl A oare an Oorthonormacl bhaosis
- for subspace H - R" so Col A-R" -
5 Ho there s no oronctmn ancl P=J.
. Orthogonal matrix : an (nxn) matrix with
oréhononnal _coluumns such that A =AT
PROPERTIES: -
. D AA™- AA - [ 50 A=A
@ NAXN = WXL (=) (ax) = ARTA AR - @«_xﬁf’ )
- 6&(Ax>(au> <-4
D (AZ) (ALj) o (Ff xJ.u , S
g T] envalues are : R
\ —fetf cO cowsge)x L Acarib  oith JoTBE =1

sf ceal : A=l _or A=-1 S fii




DIAGONALIZATION OF SYMMETRIC. MATRICES

f)ummetfl,c, Mmakrix (s g sguare matrix_such ~
that A - A" .

A 15 diagonal zable £ fhe fx&m ot the climensions

J
of +he &genschs i5 eaua/ 10 N ,where A{nxn)
example -

A=T2 371 A :Ts 3] IA-A3|=12-2 3 [-0
3 -6 2 -8 > -6-A ~N__
> (2-N(-6-N)-9:0 = A2 +ur-21=0—> (A3 X-3) =0
50 A= and A=3 40 A 5 duagonollizob|e N
wieh D=[3 o] ancl p-—fL_L_T. G sc A:=PDP’
c_3 " 4 .
A=3: (A-3IX -] =
L3 ~ [ =31 %= x,{3] 80 §=[3]
\% =5 O 0 | | _\_JI
A= - (Aﬂ“})x—c“S ! R S
9 3|l ~ |1 Y3 X =%, |-/3| 50 UT,= -1 =
3 1] Jo o i 3
S0 P- ﬁ'l 3] and. B, -0, = D0, = ~3+3-0 -
13 | %0 0,1 4T

For a_summetac matrix elgen vectors from

ufferent elgen SPACES czfe ald mcud S

orthcgonal ¥o eacih other! \
7/1’)!:5 HO@J Not Mmean f:V)CLt P/é Ay oc(:hooonql
matrix! P P’ f—3 -1 f?; 1] =lio 01;[ I\fc ~
e con. madke ué 3 l 3 o |10 O |

OL&L@g@m@_QH Qﬂd[)} by +their normn.

50 PP‘r J_ancl A POP - PP

N lxable B

N

Aecture 16

ot

Aummetrnic makrices can always be mfhoama/ﬁ

Oﬁiagamt%_zﬁd v v |

oy _Q_Oljt the almbm -
he e @_spauéLMLcL equol theé_‘“

multcpdiey of A N
E%mvec;tars from 1he same agﬁn s00ce

\




are (often) linear Qf_@eaaent_bm 0

N Qeneral nNot or tho Nno ! ,
o _to orthogonalhﬁ magor\auke a_makrix A
we  checlk : o
- - 19 A summetnic?-> (£ not, d5top. |
= Con uug Nnave N orthooonaL eLQem\/(D(tors"
e >Lf Nnot ~project one ot The .0 not. o tho-
HoNcL \/PCtOF Cdonte the other (3,) anch  sulotro
- s from O, -
-5 P an _ortheaonal matrix? o
£ not, O“\/Ihl% every vector (column) b& its Nar
o examople. :
- Ada 2 4l A=A v
LZ & 2 J&L)\\,'—_}), A3 ==2
- 4 2 3] _mulkrplicity of 2 o
| Ol 5, =[] DO,z N
- o) 1 |'/z o
Ly L o] Lo 5
o D, Ny=0v  make TiLDTy . -
. |0, L0, =20 v X =, — PRQI O, =§9~§.‘%Tg}’y -
O - Dy=-l2 x ARV ER I ) I
“ 11 %o L -
- . QO 1] ‘/ql
— 5 009 o 01 cnn ©=[ -1 11 {rckorthoaonsd
9 o % o o Y hi matr lxﬁ E}ﬁ
0 O -2 I Y . ]
C with {0, 2, 0;¢ as ockhogonal set _
and. 2% 5 & 3 as orthonormald sek -
N whioh bb@udm_a)lumﬁ;oé p
. OPECTRAL THEOREM FOR SYMMETRIC MATRICES
M Summetric makrices alw hauve n_real &gea\&LeJ
- D L (A=A]) = multipliciy of A
('\ E?JQF/)f)OCLC,e‘ Qre mutué lly orHvo&oaa,LI ELgern=
vermrs fromm different ec ‘jgpaces are. O/fh&%@fu/
L @ AJ__Q_L(A)%A)_QJLJ/MDQOQQL Ltcaﬂcmaamb/e& o







