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DKE Numerical Mathematics 2019/2020
Exam Questions

Programme: Bachelor Data Science and Knowledge Engineering

Course codes: KEN1540

Examiners: Dr. P.J. Collins, Dr. G. Stamoulis

Date/time: Wednesday June 3rd, 2020, 13.00-16.00h

Format: Closed book exam

Allowed aides: Pens, simple (non-programmable) calculator from the DKE-list of allowed calculators, formula
sheet (provided).

Instructions to students:

• The exam consists of 7 questions on 1 pages (excluding the 1 cover page(s)).
• Fill in your name and student ID number on the top-right corner of each side of paper you submit.
• Ensure that you properly motivate your answers.
• Do not use red pens, and write in a readable way. Answers that cannot be read easily cannot be

graded and may therefore lower your grade.
• You are not allowed to have a communication device within your reach, nor to wear or use a watch.
• If you think a question is ambiguous, or even erroneous, and you cannot ask during the exam to

clarify this, explain this in detail in with your answer to the question.
• If you have not registered for the exam, your answers will not be graded, and thus handled as invalid.
• Good luck!
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1. (12 points) Use two steps of the secant method to estimate the root of f(x) = x3− x− 1 in [1, 2],
starting at p0 = 2 and p1 = 1. Compute f(p3), and give the best bracket for the root you have
found, an estimate of the error, and the residual.

2. (12 points) Use three steps of Ralston’s method to estimate the solution of the initial value prob-
lem ẏ = y − t/y, y(1) = 1.400 up to time t = 2. You should aim to compute to solution using
Ralston’s method to an accuracy of at least 3 decimal places, and use sufficient precison in your
working to do this.
Compare your answer with the exact solution, which has y(2) = 2.4287786654 (10 dp). What
would you expect the absolute error to be if you were to use Ralston’s method 12 steps?

3. (12 points) Use divided differences to compute the polynomial interpolating the following data:
xi 1.0 1.5 0.5 2.0
yi 0.761 0.477 0.620 0.169

Estimate the value of y when x = 0.8. Provide a bound on the error of your estimate if the data
comes from a function f satisfying f ′′′(x) ≤ 4 for x ∈ [0, 3]

4. (12 points) Use the trapezoid rule with n = 6 partitions to approximate
∫ 1.4

0.2

1
1 + x3dx.

Use the trapezoid rule error estimate to estimate the error on each of the intervals [0.2 : 0.6],
[0.6 : 1.0] and [1.0 : 1.4]. What is your estimate of the total error? On which inteval should you
subdivide in order to reduce the error the most?

5. (12 points) Compute the first mode s1 of the discrete Fourier transform for the following n = 6
data points over a time interval of length T = 3:

tj 0.0 0.5 1.0 1.5 2.0 2.5
yj 0.017 0.620 0.761 0.477 0.169 0.038

Hence estimate the value of y when t = 0.8.
Note: The discrete Fourier transform is given by

sm(t) = a0
2 +

m∑

k=1
a1 cos(2πkt/T ) + b1 sin(2πkt/T )

where

ak = 2
n

n−1∑

i=0
yj cos

(2πk
T tj

)
= 2
n

n−1∑

i=0
yj cos(2πjk/n), bk = 2

n

n−1∑

i=0
yj cos(2πjk/n) .

6. (12 points) Let

A =
(

7 3
3 2

)
, µ(0) = 2, x(0) =

(
0
1

)

Use two steps of the inverse power method to estimate the smallest eigenvalue of A and its
corresponding eigenvector.

7. (8 points) In a compartmental model of an infection disease, individuals are either susceptible
(S), exposed (E), infectious (I) or recovered (R). The progress of the disease is modelled by

Ṡ = −(αE + βI)S/N, Ė = (αE + βI)S/N − (γ + δ)E, İ = γE − εI, R = δE + εI.

Assume initally 1 exposed individual in a population of N = 17 000 000.
Show how to solve this system of differential equations in Matlab, including writing the code you
would use.
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Algebraic equations

Secant method

pn+1 = pn − pn − pn−1

f(pn)− f(pn−1)
f(pn)

Newton’s method pn+1 = pn − f(pn)/f ′(pn)

Polynomial Interpolation

Lagrange Form Interpolating polynomial

p(x) =
n∑

i=0

yili(x) where li(x) =
n∏

j 6=i
j=0

(
x− xj
xi − xj

)

Divided Differences Recurrence relation

f [xi, . . . , xj ] =
f [xi+1, . . . , xj ]− f [xi, . . . , xj−1]

xj − xi

Theorem (Divided differences and derivatives) If f (n) is continous on [a, b]
and x0, . . . , xn are distinct points in [a, b], there exists ξ ∈ [a, b] with

f [x0, . . . , xn] = f (n)(ξ)/n!

Nested Form Let ak = f [x0, . . . , xk]. Then

p(x) = a0 +(x−x0)
(
a1 +(x−x1)

(
a2 + · · ·+(x−xn−2)

(
an−1 +(x−xn−1)an

)))

Chebyshev nodes xk = a+b
2
− b−a

2
cos
(

2k+1
2(n+1)

π
)

for k = 0, . . . , n.

Theorem (Error of polynomial interpolation) If p is the degree-n polynomial
of interpolating f at the n+ 1 distinct nodes x0, x1, . . . , xn in [a, b], and f (n+1)

is continuous, then for each x in [a, b], there is a ξ in (a, b) for which

f(x)− p(x) =
1

(n+ 1)!
fn+1(ξ)

n∏

i=0

(x− xi)

Theorem (Maximum error of polynomial interpolation) If p is the interpo-
lating polynomial of f with n+ 1 equally-spaced nodes, then for any x ∈ [a, b],

|f(x)− p(x)| ≤ (b− a)n+1

4nn+1(n+ 1)
max
ξ∈[a,b]

|f (n+1)(ξ)|

If p is the interpolating polynomial of f with n+ 1 Chebyshev nodes, then for
any x ∈ [a, b],

|f(x)− p(x)| ≤ (b− a)n+1

22n+1(n+ 1)!
max
ξ∈[a,b]

|f (n+1)(ξ)|

Differential Equations

Euler’s method Local error O(h2). wi+1 = wi + hif(ti, wi).

Ralston’s 2nd-order method Local error O(h3).
wi+1 = wi + 1

4
hi
(
f(ti, wi) + 3f(ti + 2

3
hi, wi + 2

3
hif(ti, wi))

)
.

ki,1 = hif(ti, wi); ki,2 = hif(ti + 2
3
hi, wi + 2

3
ki,1); wi+1 = wi + 1

4
(ki,1 + 3ki,2).

Kutta’s 3rd-order method Local error O(h4).
ki,1 = hif(ti, wi); ki,2 = hif(ti + 1

2
hi, wi+

1
2
ki,1); ki,3 = hif(ti + hi, wi−ki,1+2ki,2);

wi+1 = wi + 1
6
(ki,1 + 4ki,2 + ki,3).

Classical 4th-order Runge-Kutta method Local error O(h5).
ki,1 = hif(ti, wi); ki,2 = hif(ti + 1

2
hi, wi + 1

2
ki,1);

ki,3 = hif(ti + 1
2
hi, wi + 1

2
ki,2); ki,4 = hif(ti + hi, wi + ki,3);

wi+1 = wi + 1
6
(ki,1 + 2ki,2 + 2ki,3 + ki,4).

2-stage Adams-Bashforth method Local error O(h3).
wi+1 = wi + (h/2)

(
3f(ti, wi)− f(ti−1, wi−1)

)
.

3-stage Adams-Bashforth method Local error O(h4).
wi+1 = wi + (h/12)

(
23f(ti, wi)− 16f(ti−1, wi−1) + 5f(ti−2, wi−2)

)
.

2-stage Adams-Moulton method Local error O(h4).
wi+1 = wi + (h/12)

(
5f(ti+1, wi+1) + 8f(ti, wi)− f(ti−1, wi−1))

)
.

Backward Euler method wi+1 = wi + hi f(ti+1, wi+1).

2-stage backward-difference method Local error O(h4).
wi+1 = 4

3
wi − 1

3
wi−1 + 2

3
hf(ti+1, wi+1).

Bogacki-Shampine adaptive method Local error O(h4).
ki,1 = hf(ti, wi); ki,2 = hf(ti + 1

2
h,wi + 1

2
ki,1); ki,3 = hf(ti + 3

4
h,wi + 3

4
ki,2);

wi+1 = wi + 2
9
ki,1 + 3

9
ki,2 + 4

9
ki,3;

ki,4 = hf(ti + h,wi+1); ŵi+1 = wi + 7
24
ki,1 + 1

4
ki,2 + 1

3
ki,3 + 1

8
ki,4.

Set q = (εh/|wi+1 − ŵi+1|)1/2. Step size estimate qh.

Differentiation

Two-point forward difference f ′(x) = (f(x+ h)− f(x))/h− f ′′(ξ)h/2.

Three-point centred difference f ′(x) = (f(x+ h)− f(x− h))/2h− f ′′′(ξ)h2/6.

Three-point forward difference
f ′(x) = (−3f(x) + 4f(x+ h)− f(x+ 2h))/2h+ f ′′′(ξ)h2/3.

Five-point centred difference
f ′(x) =

(
f(x− 2h)− 8f(x− h) + 8f(x+ h) + f(x+ 2h)

)
/12h+ f (5)(ξ)h4/30.

Second derivative f ′′(x) =
(
f(x+ h)− 2f(x) + f(x− h)

)
/h2 − f (4)(ξ)h2/12.



Integration

Midpoint rule Mn(f ; a, b) = h
(
f(x1/2) + f(x1+1/2) + · · ·+ f(xn−1/2)

)

Error
∫ b
a
f(x)dx−M(f ;P ) = (b− a)h2 f (2)(ξ)/24.

Trapezoid rule Tn(f ; a, b) = h
(
1
2
f(x0) + f(x1) + · · ·+ f(xn−1) + 1

2
f(xn)

)
.

Error
∫ b
a
f(x)dx− T (f ;P ) = −(b− a)h2 f (2)(ξ)/12.

Simpson’s rule
Sn(f ; a, b) = h

(
f(x0)+4f(x1)+2f(x2)+ · · ·+2f(xn−2)+4f(xn−1)+f(xn)

)
/3.

Error
∫ b
a
f(x)dx− S(f ;P ) = −(b− a)h4 f (4)(ξ)/180.

Romburg integration Rk,0 = T2k ; Rk,j = Rk,j−1 +(Rk,j−1−Rk−1,j−1)/(4j−1).

Adaptive trapezoid rule Error estimate∣∣∫ b
a
f(x) dx−T2(f ; a, b)

∣∣ / 1
3

∣∣T2(f ; a, b)−T1(f ; a, b)
∣∣ = b−a

12

∣∣f(a)−2f(a+b
2

)+f(b)
∣∣.

Least-Squares Approximation

Linear least squares g(x) = ax+ b fitting data (x1, y1), . . . , (xm, ym) where

a = (XY −X · Y )/(X2 −X2
); b = Y − aX.

Nonlinear least squares If g(x) =
∑n
i=0 ci φi(x) then for i = 0, . . . , n:

∑n
j=0 cj

∑m
k=1 φi(xk)φj(xk) =

∑m
k=1 φi(xk) yk.

Continuous least-squares g(x) =
∑n
i=0 ciφi(x)

∑n
j=0 cj

∫ b
a
φi(x)φj(x) dx =

∫ b
a
φi(x) f(x) dx.

Orthogonal basis
∫ b
a
w(x)φi(x)φj(x) dx = 0 for i 6= j.

Least-squares approximation in orthogonal basis g(x) =
∑n
i=0 ciφi(x)

with ci = (
∫ b
a
w(x)φi(x) f(x) dx)/(

∫ b
a
w(x) (φi(x))2 dx)

Square error for orthogonal functions With αk =
∫ b
a
w(x)φk(x)2 dx,

∫ b
a
w(x)(f(x)− g(x))2 dx =

∫ b
a
w(x)f(x)2 dx−∑n

k=0 αkc
2
k.

Generating orthogonal polynomials φk(x) = (x−Bk)φk−1(x)− Ckφk−2(x)

with Bk =

∫ b
a
xw(x) (φk−1(x))2 dx

∫ b
a
w(x) (φk−1(x))2 dx

, Ck =

∫ b
a
xw(x)φk−1(x)φk−2(x) dx
∫ b
a
w(x) (φk−2(x))2 dx

.

Legendre polynomials

P0(x) = 1; P1(x) = x; Pk(x) = (2− 1/k)xPk−1(x)− (1− 1/k)Pk−2(x).
∫ 1

−1
Pi(x)Pj(x) dx = 0, i 6= j,

∫ +1

−1
P 2
k (x) dx = 2

2k+1
.

Chebyshev polynomials

T0(x) = 1; T1(x) = x; Tk+1(x) = 2xTk(x)− Tk−1(x); Tk(x) = cos(k acos(x)).
∫ 1

−1

Ti(x)Tj(x)√
1− x2

dx = 0, i 6= j;

∫ 1

−1

Ti(x)2√
1− x2

=

{
π, i = 0,

π/2, i 6= 0

Fourier series

f(x) ≈ a0
2

+
n∑

k=1

ak cos(kx) + bk sin(kx);

ak =
1

π

∫ π

−π
cos(kx)f(x) dx; bk =

1

π

∫ π

−π
sin(kx)f(x) dx.

Discrete Fourier transform If xj = (j/m− 1)π for j = 0, 1, . . . , 2m− 1, then

ak =
1

m

2m−1∑

j=0

f(xj) cos(kxj), bk =
1

m

2m−1∑

j=0

f(xj) sin(kxj).

Linear Algebraic Equations

Conditioning K(A) = ||A|| · ||A−1||;
||x− x̃|| ≤ ||A−1|| · ||b−Ax̃||; ||x− x̃||

||x|| ≤ K(A)
||b−Ax̃||
||b||

LU factorization PA = LU ; Ax = b if Ly = Pb, Ux = y.

Cholesky factorization S = UT U = LLT .

Jacobi method x
(n+1)
i =

(
bi −

∑
j 6=i ai,jx

(n)
j

)
/ai,i = x(n) −D−1

(
Ax(n) − b)

Gauss-Seidel method x
(n+1)
i =

(
bi −

∑
j<i ai,jx

(n+1)
j −∑j>i ai,jx

(n)
j

)
/ai,i

Successive over-relaxation
x
(n+1)
i = (1− ω)x

(n)
i + ω

(
bi −

∑
j<i ai,jx

(n+1)
j −∑j>i ai,jx

(n)
j

)
/ai,i

Conjugate gradient method v(0) = x(0) = 0, r(0) = b−Ax(0);
v(k+1) = r(k)+

(
〈r(k), r(k)〉/〈r(k−1), r(k−1)〉

)
v(k), t(k) = 〈r(k−1), r(k−1)〉/〈v(k), A,v(k)〉,

x(k) = x(k−1) + t(k)v(k), r(k) = r(k−1) − tkAv(k).

Orthogonality and Eigenvalues

Gram-Schmidt orthogonalisation
ri,i = ||vi||2, rj,i = uj · xi (j < i), vi = xi −

∑i−1
j=1 rj,iuj , ui = vi/ri,i.

Power method y(n) = Ax(n), x(n+1) = y(n)/||y(n)||; y(n)/x(n) → λmax.

Inverse power method y(n) = (A− µI)−1x(n), x(n+1) = y(n)/||y(n)||.
Householder matrix H = I − 2vvT /vTv; H = I − 2uuT if ||u||2 = 1.

Givens rotation (2× 2) G =

(
cos θ − sin θ
sin θ cos θ

)
=

(
a −b
b a

)
where a2 + b2 = 1.

Upper Hessenburg If α=
(∑n

i=2 a
2
i,1

)1/2
, v1 = 0, v2 = a2,1±α, vi = ai,1 (i ≥ 3),

H = I − 2vvT /vTv, A′ = HTAH. Then A′i,1 = 0 for i ≥ 3.
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