DKE Numerical Mathematics 2017
Formula Sheet

Algebraic equations

Bisection Method [ is continuous on [a, b, sgn(f(a) # sgn(f(b)).
Set ¢ = (a + b)/2. If sgn(f(a)) = sgn(f(c)), set a = ¢, else set b = c.
Secant method

Pn — Pn—1
Pn+1 = Pn — f(pn)-

f(pn) = f(pn-1)
Newton’s method pni1 = pn — f(pn)/f (pn)-
Polynomial Interpolation

Lagrange Form Interpolating polynomial
~ - T — 1z
= l here [ = —
p() kzzoyk nok () where L x(z) = [ | (a:k _xj)

Divided Differences f[z;] = f(x;); recurrence relation

f[xi+17 s m’EH—k] - f[xia .. ~7ﬂ7i+k—1]
Ti+k — Tq

flai, .o, xign] =

Theorem (Divided differences and derivatives) If f( is continous on [a,b]
and o, ...,Z, are distinct points in [a, b], there exists £ € [a, b] with
flwo,. an] = f™(&)/n!
Nested Form Let ar = f[zo,...,zk]. Then
p(x) =ao+ (x— xo)(al +(x— xl)(ag +ot(z 72671_2)(0,”_1 +(z fxn_l)an)))

Theorem (Error of polynomial interpolation) If p is the degree-n polynomial
of interpolating f at the n+ 1 distinct nodes o, z1, ...,z in [a, b], and FtD)
is continuous, then for each z in [a, b], there is a £ in (a, b) for which

1

If p is the interpolating polynomial of f with n + 1 equally-spaced nodes, then
(b—a)"* (n+1)
_ < 7
1£) = p(@)| € g gy o 1)
If p is the interpolating polynomial of f with n + 1 Chebyshev nodes, then
(b— a)nH (n+1)
If(z) —p(z)| < 2n i (4 1)1 20 lf 3l

P z€la,b]

n

e[ - )

=0

Cubic spline interpolation

Knots Interpolate (zo,%o0),. .., (Zn, Yn) with knots z;. Set h; = zj41 — z;.

Interpolant s(z) = s;(x) = a;+b; (v—x;)+c;(z—x;)*+d;(z—x;)% for z; <z < Tj41.

Coefficients 1 h
a; =yj, bj = —(aj41 —a;) — - (2¢; + ¢i41), dj = ——(cj41 — ¢5).
J J J h] J J 3 J J J 3]7/] J J
Knot conditions
3 3
hj—1cj—1 +2(hj—1 + hj)ej + hjcjp1 = —(aj41 — aj) — (aj —aj-1).
h; hj_1
Derivatives 1 hs
! 1
s5(xj) =bj = —(aj41 —a;) — - (2¢; + ¢j41); 85 (z5) = 2¢5.

h; 3
Natural spline s”(zo) = s"(xn) =0, s0 co = cn, = 0.
Clamped boundary s'(zo) = wo, 8’ (Tn) = Wy, 50 by = wo; by, = Wn;
a1 —

ao . _ _ On —Gn-1
hO - bO)a hn—lcn—l + 2hn—1cn = 3(bn hn_l )

2hoco + hoc1 = 3(

Not-a-knot s”’ is continuous at 1 and x,_1, so
hico — (ho + h1)er +hoca = 0;  hp—1cn—2 — (hn—1 + hn—2)cn—1 + hn—2¢, = 0.

3
Equally-spaced cj_1 + 4c¢; + ¢j+1 = ﬁ(a‘j_l —2a; + ajt1);

2c0 + 1 = 75 (a1 —ao — hbo); o1+ 2¢n = 75 (hbn — an + an—1).

Differentiation

Two-point forward difference f'(z) = (f(z +h) — f(z))/h — f"(&)h/2.
Three-point centred difference f'(z) = (f(z+h)— f(x—h))/2h— f" (£)h?/6.
Three-point forward difference

f'(x) = (= fz + 2h) +4f(z + h) = 3f(x))/2h + " (€)h*/3.
Five-point centred difference

f/(x) = (—f(z+2h) +8f(z+h) —8f(x — h) + f(z — 2h)) /12h + f©(£)h* /30.

Second derivative f”(z) = (f(z+h) —2f(z) + f(z — h))/h* — fP (&) h?/12.

Integration

-

Midpoint rule M(f,P)=h} ", f(c;) where ¢; = (zj-1 +;)/2=a+ (j — 3)h.
Error I(f) — M(f,P)= (b—a)h® f*(£)/24.

Trapezoid rule T(f, P) = h(3 f(zo) + f(z1) + -+ + f(zn-1) + 2 f(zn)).
Error I(f) — T(f, P) = —(b—a) h* f®(€)/12.



Simpson’s rule
S(f, P) = 3h(f(zo)+4f (w1)+2f (x2)+4f (w3) - +2f (Tn—2)+4f (Tn-1)+f(2n)).
Error I(f) S(f,P) = —(b—a)h* fP(€)/180.
Error estimate |I(f) — S(f, Pa)|=|S(f, P2) — S(f, Ps1)|/15
|f —4f (PR +6£(450) — 4f () + F ()] (b —a)/180

b) P4 — (a7 30.—0—177 a;—b7 a+3b b)

Romburg integration fa f(x)dz ~ Rnn. Let hy = (b—a)/2" 7%
Ry =Tow—1; Rij=Rikj—1+ (Rkj-1— Rk_l,j_l)/(4j71 -1).

T = 22 (f(a) + £(1)); L1 fla+ 2i= D))

Differential Equations

Euler’s method wit1 = w; + hf(t;,w;). Local error O(h?); global error O(h).
Error wit1 — y(ti+1) = %y(n)hz for some 7; in (t;, tiv1) if wy = y(&:).
Taylor method Local error O(h?).
i1 = wi + hf (ti,wi) + 5h* (Fo(ti,ws) + f.y (L, wi) f(ti, ws)).
Trapezoid (modified Euler) method Local error O(h®).
wiy1 = wi + Sh(f(ti,wi) + f(tivr, wi + hf(ti, wi))).
Midpoint method Local error O(h?).
Wit1 = W; + hf(tz + %h,wi + %hf(t,wi)).
Ralston’s 2nd-order method Local error O(h3).
Wir1 = W; + ih(f(t“wl) + 3f(t + h wl + hf(tz,w,)))
kiy = hf(ti,wi); kiz = hf(ti + 2h, wl + 2k, 1) wiy1 = wi(t) + 5 (ki1 + 3ki2).
Heun’s 3rd-order method Local error O(h4).
kin = hf(ti,wi); kiz = hf(ti + 5h,wi + $ki1); kis = hf(ti + 2h,wi + 2ki2);
wiy1 = wi(t) + 3 (kig + 3ki3).
Classical 4th-order Runge-Kutta method Local error O(h®).
kig = hf(ts,ws); ki2 = hf(ti + h,wi + 2kin);
kis=hf(t; + %h, w; + %km); kia = hf(t; + h,w; + ki 3);
wip1 = wi + ki = wi + g (ki + 2ki2 + 2ki 3 + ki)
2-stage Adams-Bashforth method Local error O(h?).
Wit1 = w; + %h(&f(ti,wi) — fltizq, wiﬂ))-
3-stage Adams-Bashforth method Local error O(h*).
Wi+1 = W + 11*2h(23f(t“ wz) — 16f(ti_1, wi_l) + 5f(ti_2, wi_z)).
2-stage Adams-Moulton method Local error O(h?).
Wiy1 = Wi + ﬁh(5f(ti+1,wi+1) + 8f (ts, w;i) — f(ti—1,wi—1))-
Bogacki-Shampine adaptive method Local error O(h?).
k1 = hf(ti,wi); ko =hf(t: + %h7 w; + %kl); ks = hf(tz + %h,wz + %kz);
Wit1 = Wn + 2k1+3l€2+4k37
k4—hf(t -l—h wz+1) ’w2+1 —wl %k1+ik2+%k3+ék4.
Set g = (eh/|wit1 — wit1])'/?. Step size estimate gh.

where P> = (a7

Tor = 35 (TQk 1+2k T

Least-squares approximation

Linear least squares g¢(z) = ax + b fitting data (z1,y1),...,
a=XY-X-V)/(X2-X"

XY); b=Y -aX.
Nonlinear least squares If g(z) = >°}_, ck¢r(x) then for j =0,...,n

chz¢y xi)or(2:) qu)J Z:)Y
k=0 =1
> reo ckor(x) fits f(x), thenforj =0,...,n

b
©) 1 () de = / w(z) 6;() f() dz.

(Zm, Ym) where

Continuous least squares If g(z) =
n b
o[
k=0 @

Least-squares for orthogonal functions

b b
cr = f“f?(j()jkdff()zj;ix;xdx if /a w(z) ¢j(z) o (x) dr = 0 for j # k.
Generating orthogonal polynomials ox(x) = (x — Br)dr—1(x) — Crpp—2(x)
fyzw(@) (pe-a (e ))Qdfﬂ’ Ch = [z w(@) gr1(z) prs(x) du
Sy w(z )(¢k—1(%‘))2 dx [lw() ($-2())? dz
Legendre polynomials
Po(z)=1; Pi(z) =;
J2, Pi(@) Pu(x) de =0, j # k,
Py(z)=1; Pi(z) =a; Py(z) = 32" — 1; Ps(z) = 32° — 3y

with By =

(k +4 1)Pk+1(x) = (2]€ +4 l)ka(l') — /CPk_l(ZE).
fHP,? (z)dr = 3 ’11; k= (k+3) f_llPk(x)
P4( )_ 35x4 — 1*53724- %

8 1
Chebyshev polynomials Ty (x) = cos(k acos(z))
To(z) =1; Ti(z)=2; Tryi(x) =22Tk(z) — Th—1(x)
' (@) Te(@) 0/;'#’“ 2o
-1 \/1—1}2 Z‘]i;_o

n

Fourier series
flx) =~ GEO + Z(ak cos(kz) + by sin(kx));

k=1
ay = l/ cos(kzx) f(z)dz; br = l/ sin(kz) f(z) dz.
T J T .
Discrete Fourier transform If z; = (j/m — 1)7 for j =0,1,...,2m — 1, then
ao ~ .
flx) =~ 5 + ;(ak cos(kx) + by sin(kz));
1 2m—1 B 1 2m—1
ar = — Z f(zj)cos(kx;), b= o Z f(z;)sin(kx;).

Jj=0 Jj=0



