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DKE Numerical Mathematics 2019/2020
Exam Questions

Programme: Bachelor Data Science and Knowledge Engineering

Course codes: KEN1540

Examiners: Dr. P.J. Collins, Dr. G. Stamoulis

Date/time: Wednesday June 3™, 2020, 13.00-16.00h

Format: Closed book exam

Allowed aides: Pens, simple (non-programmable) calculator from the DKE-list of allowed calculators, formula
sheet (provided).

Instructions to students:

The exam consists of 7 questions on 1 pages (excluding the 1 cover page(s)).
Fill in your name and student ID number on the top-right corner of each side of paper you submit.
Ensure that you properly motivate your answers.

Do not use red pens, and write in a readable way. Answers that cannot be read easily cannot be
graded and may therefore lower your grade.

You are not allowed to have a communication device within your reach, nor to wear or use a watch.

If you think a question is ambiguous, or even erroneous, and you cannot ask during the exam to
clarify this, explain this in detail in with your answer to the question.

If you have not registered for the exam, your answers will not be graded, and thus handled as invalid.
Good luck!
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. (12 points) Use two steps of the secant method to estimate the root of f(x) = 2*> — 2z —1in [1,2],
starting at pg = 2 and p; = 1. Compute f(p3), and give the best bracket for the root you have
found, an estimate of the error, and the residual.

. (12 points) Use three steps of Ralston’s method to estimate the solution of the initial value prob-
lem y =y —t/y, y(1) = 1.400 up to time ¢ = 2. You should aim to compute to solution using
Ralston’s method to an accuracy of at least 3 decimal places, and use sufficient precison in your
working to do this.

Compare your answer with the exact solution, which has y(2) = 2.4287786654 (10 dp). What
would you expect the absolute error to be if you were to use Ralston’s method 12 steps?

. (12 points) Use divided differences to compute the polynomial interpolating the following data:

zi || 1.0 | 1.5 | 05 | 2.0
y; || 0.761 | 0.477 [ 0.620 | 0.169 |

Estimate the value of y when x = 0.8. Provide a bound on the error of your estimate if the data
comes from a function f satisfying f"'(z) < 4 for x € [0, 3]

. (12 points) Use the trapezoid rule with n = 6 partitions to approximate

1.4 1
——dx.
/0.2 14 a3 v

Use the trapezoid rule error estimate to estimate the error on each of the intervals [0.2 : 0.6],
[0.6:1.0] and [1.0:1.4]. What is your estimate of the total error? On which inteval should you
subdivide in order to reduce the error the most?

. (12 points) Compute the first mode s; of the discrete Fourier transform for the following n = 6
data points over a time interval of length 7" = 3:

t; 00 | 05 | 10 | 15 | 20 | 25

y;j || 0.017 [ 0.620 | 0.761 | 0.477 [ 0.169 | 0.038

Hence estimate the value of y when ¢ = 0.8.

Note: The discrete Fourier transform is given by

m
sm(t) = % + Z aj cos(2wkt/T) + by sin(2mkt /T')
k=1
where
2 n—1 ok 2 n—1 2 n—1
a = > yjcos(3Et)) = - > yjcos(2mik/n), by = - > y;cos(2mik/n) .
=0 =0 =0

. (12 points) Let

_ (7 3 ©0) _ © _ (0
A<3 2)’ e O

Use two steps of the inverse power method to estimate the smallest eigenvalue of A and its
corresponding eigenvector.

. (8 points) In a compartmental model of an infection disease, individuals are either susceptible
(S), exposed (E), infectious (I) or recovered (R). The progress of the disease is modelled by

S =—(aE+BIS/N, E=(aE+pI)S/N—(y+08)E, [=+vF—el, R=0E+el.
Assume initally 1 exposed individual in a population of N = 17000 000.

Show how to solve this system of differential equations in Matlab, including writing the code you
would use.
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Algebraic equations

Secant method
Pn — Pn-1

Prt =P T ) = Fpnr)

Newton’s method pni1 =pn — f(pn)/f (Pn)

f(pn)

Polynomial Interpolation

Lagrange Form Interpolating polynomial

(z) = Y yili(z) where l;(z) = . Tz
P ;y 11 (gc - mj)

J#i
3=0
Divided Differences Recurrence relation
fle = flwiy, o ay] = flwe, . @]
iy ey L pa——

Theorem (Divided differences and derivatives) If f(™ is continous on [a,b]
and o, ..., z, are distinct points in [a, ], there exists € € [a,b] with

flzo, .- @a] = F™(€) /!

Nested Form Let ax = f[zo,...,xx). Then
p(x) = a0+ (z—a0) (a1 + (x—z1) (a2 + -+ (@ —2n—2)(an-1+ (@ —Tn_1)an)))

Chebyshev nodes z; = %b — b;” cos(;f.%})ﬂ') for k=0,...,n.

Theorem (Error of polynomial interpolation) If p is the degree-n polynomial
of interpolating f at the n+ 1 distinct nodes zo, z1, ...,z in [a,b], and f('"H)
is continuous, then for each z in [a,b], there is a £ in (a,b) for which

1 1oy T
f(z) —p(z) = mf * (f)g(z - i)

Theorem (Maximum error of polynomial interpolation) If p is the interpo-
lating polynomial of f with n + 1 equally-spaced nodes, then for any = € [a, b],

(b—a! (n+1)
— < 7% e
[f(2) = pl2)] < T 1) &% [FT )]
If p is the interpolating polynomial of f with n + 1 Chebyshev nodes, then for
any z € [a, b],
(b—at! (nt1)
) — <
17(@) = (@)] < ey s £+ €

Numerical Mathematics 2020

Formula Sheet
Differential Equations

Euler’s method Local error O(h?). wit1 = w; + hi f(ti, w;).

Ralston’s 2nd-order method Local error O(h®).
Wir = wi + ghi (b, wi) +3f (L + Fhi,wi + Fhif(ti, wi))).
kiq = hif(ti,wi); ki2 = hif(t: + %hzywz + ékz,l); Wip1 = Wi + %(kr,l + 3ki2).

Kutta’s 3rd-order method Local error O(h?).

ki1 = hif(ti,wi); ki2 = hif(ti + %hz;wz+%kz,l); ki = hif(ti + hi,wi —ki1+2ki2);

Wit1 = Wi + é(k’i.l +4dkio + ki),

Classical 4th-order Runge-Kutta method Local error O(h®).
kin = hif(ti,wi); kig = hif (ti + Shi, wi + $kin);
ki = hif(t: + %hz,wz + %km); kia = hif(ti + hi, w; + ki,3);
Wit+1 = w; + é(ku + 2kio + 2kiz + kia).
2-stage Adams-Bashforth method Local error O(h®).
wir1 = w; + (/2) (3f(ti, wi) — f(tim1, wiz1)).
3-stage Adams-Bashforth method Local error O(h*).
wiyr = wi + (h/12)(23f (ti,wi) — 16 f(ti—1, wi—1) + 5f (ti—2, wi—2)).
2-stage Adams-Moulton method Local error O(h*).
wir1 = w; + (B/12) (5f (tix1, wirr) + 8 (ti, wi) — f(tim1,wiz1))).

Backward Euler method wit1 = w; + hi f(tit1, wit1).

2-stage backward-difference method Local error O(h*).
Wit1 = %wz — swic1 + Shf(tisr, wit1).

Bogacki-Shampine adaptive method Local error O(h?).
ki = hf(ti,w:); ki2 = hf(ti + %h, w; + %ki,l)} ki = hf(t: + %h,,wi + %k,)g);
wip1 = w; + 2kin + Skip + 5kis;
ki = hf(ts + hywisn); Dir = wi + g5k + ko + $kis + thia
Set ¢ = (eh/|wit1 — 1D1+1\)]/2. Step size estimate gh.

Differentiation

Two-point forward difference f'(z) = (f(z +h) — f(z))/h — f"(&)h/2.
Three-point centred difference f'(z) = (f(z +h) — f(z — h))/2h — £ (£)h*/6.

Three-point forward difference
F'(@) = (=3f(x) + 4f (x + h) = [z +2h))/2h + " (E)h*/3.

Five-point centred difference

f(x) = (f(z —2h) — 8f(x — h) + 8f(x + h) + f(z + 2h)) /12h + fP(E)h*/30.
Second derivative f”(z) = (f(z+h) — 2f(z) + f(z — h))/h® — F@ (&) n?/12.



Integration

Midpoint rule M,(f;a,b) = h(f(@1/2) + f(@1412) + -+ + [(@n-1/2))
Error [ f(z)dz — M(f; P) = (b—a) h? f®(€)/24.

Trapezoid rule T, (f;a,b) = h(%f(l‘o) + f(@) 4+ f(@no1) + 3£ ().
Error [ f(z)dz — T(f; P) = —(b— a) h* fP () /12.

Simpson’s rule

Sn(f;a,b) = h(f(wo)+4f(w1)+2f(x2)+"~+2f(wnfz)+4f(xn71)+f(1',,))/3.

Error f: f(@)dz — S(f; P) = —(b—a)h* f¥)(£)/180.

Romburg integration Ry = Tor; Ri; = Rij—1+ (Rrj—1—Re—1,j-1)/(47 —1).

Adaptive trapezoid rule Error estimate

|[2F(@) da~To(f;0,0)| § §|Ta(f10,0)-Ta(f;0,0)| = 552 | f(a) =2 (2£2)+ £ (B)].

Least-Squares Approximation

Linear least squares g(z) = ax + b fitting data (z1,91), ..., (Tm,ym) where
a=XY-X.V)/(X?-X"); b=Y-aX.
Nonlinear least squares If g(z) = Y7 ¢i ¢i(z) then for i =0, .
Z] 0 i 2oney Gilzn) ¢ (k) = 2001, dilwn) Y-
Continuous least-squares g(z) = > cipi(x)
;an]f @i(x) dj(x) dm—f ¢i(x) f(x)dx.
Orthogonal basis faw(z) ¢i(z) ¢j(x) dr = 0 for i # j.
Least-squares approximation in orthogonal basis g( ) = Zzl o Cii(x)
with cL:(f () ¢i(z) f(x) dx) /(f (x))? dx)
Square error for orthogonal functions With ay = f w(z)or(x)? da,
[ w@)(f(@) - 9(2))* de = [} w(@)f(2)’ de = Y} axcf.
Generating orthogonal polynomials ¢i(z) = (x — Br)¢r—1(x) — Crdr—2(x)
_ Lose@ @a@)de - fjew@) dea (@) duos(a)de
J2 w(e) (@r-(2) do | Jaw(e) (@r-2(2))? da
Legendre polynomials
P@) =1 P@)=w Pua)=2—1/k)sP() — (1 1/k)Pa(a).
JL Pi@) Pi(a)de = 0, i #j, [T PR(e)de =
Chebyshev polynomials

with By =

2k+1°

To(z) =1; Ti(x) = x; Thyr(z) = 22Tk (z) — Tr-1(z); Tr(z) = cos(kacos(x)).

1 V1—a? 1 V1 — m/2, i #0

' T(@) Ty(a) de =0, i # j; " L) :{ﬂ’ =0

Fourier series

flz) ~ % + ;ak cos(kx) + by sin(kx);

ay = %/7: cos(kx) f(z)dx; by = % /:r sin(kx) f(z) dz.

Discrete Fourier transform If z; = (j/m — 1)x for j =0,1,...,2m — 1, then

2m—1

2m—1

= 3 Fag)eos(hny), be= - 3 flay)sinkay).
=0 =0

Linear Algebraic Equations

Conditioning K(A) = ||A|| - ||[A7"|];

llx = %[ < [IA7M] - [[b — AZ]];

b — AX|

X — X!
P K o]

el —

LU factorization PA=LU; Ax=bif Ly = Pb,Ux=Yy
Cholesky factorization S =UTU = LL".

Jacobi method oc(”“) (b:

Gauss-Seidel method z{""

Successive over-relaxation

727#(1”96 )/a“:x< " — D7 (Ax™ — b)

= (bz 7ZI<L(I"L’]T(H+]) Z‘y>z al,JmJ(n))/a“

xi'”’l) =(1- w)a:(”) +w(b, - a,,]m("'H) s aww )/a, i

Conjugate gradient method

v = x® =0, r® = b — Ax©;

vE+D) — (k)+(<r(k) (k)>/< (k— 1) rk— l)}) (k)’ (k) — (r(k l) rk— 1>>/< (k) VA Vk)>

<) — sl DI}

Orthogonality and

£ — 1) 4y

Eigenvalues

Gram-Schmidt orthogonalisation

rii = ||Vill2, i = uj X

Power method y(™ = Ax(™,

(j <), vi=xi — 35 iy, W= vi/rig.

D =y /)1y ™|y ™ ™

Inverse power method y™ = (4 — ul)~'x™ x ) = g™ /||y,

Householder matrix H =1 —

Givens rotation (2 x 2) G =

Upper Hessenburg If a= (3]

H=1-2vw/viv, A’ =

2wl /vTv;  H=1-2uu” if |Jul]; = 1.
cos) —sinf\ [a —b 2 2
(sinO cos 0 ) - (b a) where a® +b% = 1.

', af,)l/z, v1 =0, v2 = a1 ta, v; = ai;1 (i > 3),
HTAH. Then A., =0 for i > 3.



SHORT PROTOCOL - FOR EXAM SESSION

1. You have two hours to make the exam from the moment the invigilator
announces the start. During this time, you are not allowed to leave the room
or communicate with the invigilator. In case of issues - like a failing internet
connection - you are allowed to continue your exam, and the invigilator will
not interrupt you.

2. Write down your solutions using pen and paper, taking care to number the
pages on the top left corner and leaving space for your student ID on the top
right corner.

3. When the invigilator announces the end of the exam (or: when you have
raised your hand >30 minutes before the end of the exam, and received
permission from the invigilator), switch your desktop/laptop screen sharing to
video sharing.

4. Upload your exam solutions and signed declaration of integrity, taking care
to:

a. Place your student ID on each page
b. Upload all documents in one single batch
c. Check that the upload was successful

5. In case you experience technical issues during uploading, you are allowed to
submit your exam by email. Notify your invigilator and send your files to:
DKE-PROCTORED@maastrichtuniversity.nl. Indicate your full name, the
name of the exam, and put your invigilator in cc!

6. Wait until the invigilator announces the end of the exam. If called on by the
invigilator, present the requested page of your exam to the camera.

7. You are obliged to keep the physical (paper) copy of your exam for 2 years.
During this period, we may ask you to show it.



