Formula sheet Mathematical Modeling

Name Time domain function Laplace domain function
Transform pair f) F(s)
Superposition a1 f1(t) + agfa(t) a1 F1(s) + asFa(s)
Differentiation ;Tkkf(t) skF(s) —sF=LF(0) — ... — ;;—:f(O)
Integration fg f(r)dr L1F(s)
Time scaling f(at) ﬁF (£
Time shift fit—1) F(s)e*T
Convolution f1(t) * fa(t) Fy(s)Fa(s)

=[5 fi(7) fa(t — T)dr

=[5 fi(t = 7) fa(T)dr
Exponential modulation e~ f(¢) F(s+a)
Product f1(t) f2(¢) ﬁ (C:ZOO: F1(§) Fa(s — §)dE
Multiplication with time ¢ f () —4LF(s)
Initial value theorem f(0+) lim sF(s)

S§—00

Final value theorem lim f(¢) lim sF(s)

t—o0 s—0

Table 1: Properties of the Laplace transform

Name f@) F(s)
Impulse function o(t) 1

Step function f@)=1fort>0 i

Power of ¢ th Sf%
Exponential e~ at Sia
Negative exponential 1—e 9t Fesm)]
Damped power of ¢ the—at W
Sine sin(wt) T
Cosine cos(wt) ey
Damped sine e~ % sin(wt) GraToT
Damped cosine e~ %% cos(wt) Mgﬁ

Table 2: Laplace transform pairs




Degrees 0° | 30° | 45° | 60° 90° 180° 270° 360°
Radians 0 5 I 3 5 T 37” 2w
Sine NN EAE: 1 0 -1 0
Cosine 1| B 2] 0 -1 0 1
Tangent 0 ? 1 V3 | undefined 0 undefined 0

Table 3: Angles

arctan (%) ifx>0
arctan (%) +7m ifz<0Oandy>0
_ ) arctan(¥) -7 ifz<0andy <0
atan2(y, v) = z ifxr=0andy >0
-5 ifr=0and y <0
undefined ifxr=0andy=0

Table 4: PoleCoordinates

Name Time domain function z-domain function
Transform pair flk] F(z)
Superposition aq f1[k] + az falk] a1 F1(2) + asFs(2) _
Time delay flk —n] 2T (F(2) + 30, fl-i)2Y)
Time advance flk+n] 2" (F(2) + Xy fli)z7%)
Convolution filk] * fa[k] Fi(2)Fy(z)

= X0 filk — il

:k i—o J1lilfa[k — ]
Frequency scaling b" f[k] F (%)
Complex modulation e f[k] F(ze™@)
Power modulation a” f[k] F(a™12)
Initial value theorem  f[0] ‘ 1‘im F(z)

Z|— 00

Final value theorem lim f[k] lim(z — 1)F(2)

k—oo z—1

Table 5: Properties of the z-transform

Name flk] F(z)
Impulse functi S[k] = 1, k=0 1
mpulse function =10 k0
Step function flk]=1for k>0 =
Power bk = 17blzfl
Exponential ek e
Ramp sequence k (=
Parabolic sequence k2 fz(z_t;g
Power ramp bFk (Zﬁizb)z
General power (jfl)bk*(j’l) (Z%sz
Exponential ramp ek ﬁ
Sine SIH[WIC] %
Cosine cos|wk] ﬂ#‘?ﬂ?il
Power sine b* sinfwk] %
Power cosine b* cos[wk] 2(z—beos (w))

z2—2bcos (a)z+b?

Table 6: z-transform pairs




Continuous-time

Discrete-time

x(t) = Ax(t) + bu(t)
y(t) = CX( ) + du(t)

x(t) = eAx(0) + [y eA=T) Fx[0] + 337 AR~ bulj]
H(s)—c(sI—A) 1b—|—d H(z)—c(zI—A) 1b—|—d
d k=0
_ oAt _
h(t) = ce™b + do(t) hlk] = A b S0
ht) = LTHH()} = XN At + Bk = THHR)Y = X Ap
G- ) .
PN Z B, ; tj e Prt (PFE) o Z;n:rl B, ; <] E 1) ﬁ’ﬁ*(]*l). (PFE)
B, ;= ﬁ {%(5 -b )"”h(s)} |s=p. Byj= (m,,,l—j)l (;Zi;*jj (Z_Imz TH(Z)) |2=p.
et 3—1
(sT— A)~L = At (:2I-A)"1 = Ak
e 5
If x(t) = Tx(¢) then If x[k] = Tx[k] then
(A,b,c,d) — (A,b,&,d) where (A,b,c,d) — (A,b,¢,d) where
A =TAT! A =TAT™!
b=Tb b=Tb
c= cT ! c= cT ™!
u(t) = sin(wt), ulk] = sin(wkT), ‘
ys(t) = |G(iw)|sin (wt + LG (iw)) ys[k] = |G(e™7)] sin (wkT + £G(e™T))

] =
u(r)dr x[k] =

x|k + 1] = Ax[k]| + bu[k]
ylk] = cx[ | + dulk]

+

Table 7: Summary of continuous-time and discrete-time systems theory

Observable canonical form Controllable canonical form
—aq 1 0 0 0 0
—ay 0 1 O 0 0 —a; —ay ... —Qp_1 —0Qp
—a3 0 0 1 0 0 1 0 . 0 0
an2 0 0 0 10 : :
—an_1 0 0 O 0 1 0 0 1 0
—a, 0 0 O 0 0
b1 — alb() 1
bg — a2b0 0
b .
by, — anbg 0
(¢ (1 0 O) (bl — a1b0 bg — (J,Qbo bn — anbo)
d bo bO
Table 8: Canonical forms
Sl =1 a; = —tI‘(A)
SQ = SlA + a11 ag = —ltl"(SQA)
az = —gtr(S'g,A)

Sg = SQA + CLQI

S, =Sn—1A+a,11

ay, = —%tr(SnA)

S1s" 14+85s" ?+..4S,

-1 _
(SI - A) — s"daysmTl4...tay

Table 9: Fadeev algorithm




Parallel interconnection Serial interconnection

alk+1] = (%1 A‘;) alk] + (E;) [k alk+1] = (bfzcll £2> alk] + (b'Z;ll) r[K]

ylk] = (c1 c2) 2[k] + (d1 + da)r[K] ylk] = (dac1  c2) z[k] + (dody)r[k]

Table 10: State-space interconnections

x[k + 1] = ®x[k] + Tu[k]
y[k] = cx[k] + dulk]

& = AT
I‘:fOTeA“*bd’y

A b
M= (G

0 1

eMT AEONTTE T (e
et DY VT B I P
et T An=loan=2 1) \ay

In case of repeated eigenvalues \;, for each repetition differentiate lhs and rhs w.r.t. A;.
In case of complex values split it up, where you take the real part of both lhs and rhs and
another one where you have both imaginary parts.

Table 11: Discrete-time equivalents of continuous-time systems

W, = (B AB A"*IB)
1 a a p_2 Qp_1
0 1 a (p-3 Gp_2
W l=|:
0 0 1 ai a9
0 0 1 aq
0 ... 0 0 1
T !'=WW_!
ulk] = —Lx[k] = —LTx[k] = —Lx[k]
E: l_l Z_Q l_n):(dl—al dg—ag Ezn—an)

Table 12: Control




