
Exam Mathematical Modelling 2016-2017

• Monday April 3rd 2017, 9.00-12.00h, Tapijn Z

• This exam is Closed book. You are allowed to use a non-graphical (hence a simple,
non cheating) calculator.

• Make sure that your cell phone, tablet, laptop, watch, etc. is on the other side of the
room and that your cell phone is turned off

• for this exam you can get 100 points. Your grade will be the number of points earned
divided by 10. Additionally, you can have up to 0.5 bonus points from the assignment
during the labs.

• This exam consists of four questions

• This exam, including formula sheets, consists of six pages

• Good luck!

1. True/false questions
Indicate for each of the propositions whether it is true or false and explain why.
(a) (5 points) Minimality

Given the discrete-time LTI state-space system

x[k + 1] =

 1 0 3
−1 0 −3
0 0 1

x[k] +

0
2
0

u[k]

y[k] =
(
1 0 0

)
x[k].

This system is minimal
(b) (5 points) Discrete-time equivalents of continuous-time systems

If for a stable continuous-time LTI state-space system with piecewise constant inputs,
corresponding with some sampling time T > 0 a discrete-time equivalent system is com-
puted, then the resulting discrete-time system is stable.

(c) (5 points) On Malta there is a large population x of bunnies. In the hypothetical case
that someone introduces a population of killer bunnies y that do eat the same food as
the regular bunnies, but tear any other bunny that they encounter apart without eating
them, then an appropriate Lotka-Volterra model for the population sizes is:

x′(t) = (ε1 − σ1x1(t)− α1y(t))x(t)
y′(t) = (ε2 − σ2y1(t)− α2x(t)) y(t),

with ε1, ε2, σ1, σ2, α1, α2 ≥ 0.

2. Given the discrete-time LTI state-space system

x[k + 1] =

1 − 1
2 0

1
3 0 0
0 1

4 0

x[k] +

4
0
0

u[k]

y[k] =
( 1

4 − 1
2 2

)
x[k].

(a) (18 points) Compute the transfer function H(z) of this system.
(b) (5 points) Check whether the system is stable or not.

UnPerson
Sticky Note
A system is minimal if Wc and Wo are both invertible.
- how to find the observability matrix?
--- Wo = column(C, CA, CA^2)
- how to determine if it's invertible?
--- Just multiply to get Wo and if the det != it's observable
- how to find the controlability matrix?
--- Wc = (b, AB, AB^2, ... , AB^n)
--- if det != 0 it's controllable

UnPerson
Sticky Note
The pole-mapping formula states that if a CT system is stable, the poles in the equivalent DT system are also stable:
- what is the pole-mapping formula?
--- p_{ck} = e^{P_{ck}}T
--- Maps the complex left halfplane into the unit circle in the complex plane
- how to apply?
--- Just know that that if a CT system is stable and sampled, the resulting DT system is stable. 

UnPerson
Sticky Note
In this case a predator doesn't rely on the food of the prey, and has a separate food source. Prey is then bounded by the predator, but the predator is not on a decline as they share the same food source as the bunnies. 

The growth of the prey bounds the predators such that if more prey exist, there's less food for the predator. 

UnPerson
Sticky Note
Transfer function H(z) = Y(z)/U(z) BUT FOR A STATE-SPACE REPRESENTATION you must find via the Fadeev algorithm each of the polynomials first.

UnPerson
Sticky Note
if |p| < 1 for DT (negative for CT)



3. Consider a continuous-system governed by the following transfer function:

H(s) = s2 + 2s
(s+ 3)(s+ 1 + i)(s+ 1− i) .

(a) (15 points) Find the impulse response h(t) of this system.
(b) (8 points) Given that an input u(t) = 4 cos(t) is given to the system. Compute the exact

matching frequency response of the system.
(c) (8 points) Compute the steady state output ys(t) corresponding to the aforementioned

input u(t).
(d) (10 points) Given the network interconnection in the following diagram:

Compute the overall transfer function H(s) in terms of H1 and H2.

4. (a) (6 points) Given the following differential equation:

y(3)(t)− u(3)(t) + 6u(2)(t) + 7y(2)(t) = 11u(1)(t)− 16y(1)(t)− 12y(t)− 6u(t).

Find the transfer function of the system.
(b) (5 points) Provide a state-space description for this system.
(c) (10 points) One wants to find a state-feedback such that all poles of the closed loop

system are at −4. Provide the desired state-feedback L.
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UnPerson
Sticky Note
h(t) = the inverse Laplace of H(s). 
- Apply PFE to get full expanded fraction
- Do inverse Laplace on each part
- Combine to get h(t)

UnPerson
Sticky Note
H(iw) is your frequency response, a complex expression
- u(t) = a*cos(wt) where "a" and/or "w" may = 1
- plug in w to H(iw)
- plug in (iw) for each s/k into H(s) / H[k] 
- simplify

UnPerson
Sticky Note
- Ys(t) is your steady state output. Plug in the values into the formula
--- remember that |i| = |a+bi| = sqrt(a^2 + b^2) such that |i| = sqrt(0^2 + 1^2) = 1
--- the angle <H(iw) = arctan (b/a) where a and b are taken from the "a+bi" expression

UnPerson
Sticky Note
Remember that the output for each transfer function H is Y(s) = H(s)U(s). Here, b = a*H1, c = a*H2, etc.
- the plus signs are just summing the inputs.
--- a = u + (-d)
--- y = b + e
--- d = b + c


UnPerson
Sticky Note
H(s) = Y(s)/U(s)
- perform Laplace on each part, getting Y(s) terms and U(s) terms
- Factor out Y(s) and U(s)
- Divide both sides by U(s) to get (polynomial a)Y(s) / U(s)
- Divide both sides by (polynomial a) to get:
--- Y(s) / U(s) = (poly b) / (poly a)

UnPerson
Sticky Note
If no pole-zero cancellation is in H(s), use CCF formula and just plug in the a and b coefficients from the denominator/numerator respectively.

UnPerson
Sticky Note
The desired pole locations will tell you what s equals
- Constructed desired characteristic polynomial
- ã is your coefficients of the char poly (max order has no coefficient)
- a is your coefficients from the matrix A in CCF
- L = (l1, ..., ln) where ln = ãn - an
- L is your feedback law 



Formula sheet Mathematical Modeling

Name Time domain function Laplace domain function
Transform pair f(t) F (s)
Superposition α1f1(t) + α2f2(t) α1F1(s) + α2F2(s)
Differentiation dk

dtk
f(t) skF (s)− sk−1f(0)− . . .− dk−1

dtk−1 f(0)
Integration

∫ t
0 f(τ)dτ 1

sF (s)
Time scaling f(at) 1

|a|F
(
s
a

)
Time shift f(t− τ) F (s)e−sτ
Convolution f1(t) ∗ f2(t)

=
∫ t

0 f1(τ)f2(t− τ)dτ
=
∫ t

0 f1(t− τ)f2(τ)dτ

F1(s)F2(s)

Exponential modulation e−atf(t) F (s+ a)
Product f1(t)f2(t) 1

2πi
∫ c+i∞
c−i∞ F1(ξ)F2(s− ξ)dξ

Multiplication with time tf(t) − d
dsF (s)

Initial value theorem f(0+) lim
s→∞

sF (s)
Final value theorem lim

t→∞
f(t) lim

s→0
sF (s)

Table 1: Properties of the Laplace transform

Name f(t) F (s)
Impulse function δ(t) 1
Step function f(t) = 1 for t ≥ 0 1

s

Power of t tk k!
sk+1

Exponential e−at 1
s+a

Negative exponential 1− e−at a
s(s+a)

Damped power of t tke−at k!
(s+a)k+1

Sine sin(ωt) ω
s2+ω2

Cosine cos(ωt) s
s2+ω2

Damped sine e−at sin(ωt) ω
(s+a)2+ω2

Damped cosine e−at cos(ωt) s+a
(s+a)2+ω2

Table 2: Laplace transform pairs
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Degrees 0◦ 30◦ 45◦ 60◦ 90◦ 180◦ 270◦ 360◦
Radians 0 π

6
π
4

π
3

π
2 π 3π

2 2π
Sine 0 1

2

√
2

2

√
3

2 1 0 −1 0
Cosine 1

√
3

2

√
2

2
1
2 0 −1 0 1

Tangent 0
√

3
3 1

√
3 undefined 0 undefined 0

Table 3: Angles

atan2(y, x) =



arctan
(
y
x

)
if x > 0

arctan
(
y
x

)
+ π if x < 0 and y ≥ 0

arctan
(
y
x

)
− π if x < 0 and y < 0

π
2 if x = 0 and y > 0
−π2 if x = 0 and y < 0
undefined if x = 0 and y = 0

Table 4: Polar coordinates

Name Time domain function z-domain function
Transform pair f [k] F (z)
Superposition α1f1[k] + α2f2[k] α1F1(z) + α2F2(z)
Time delay f [k − n] z−n

(
F (z) +

∑n
i=1 f [−i]zi

)
Time advance f [k + n] zn

(
F (z) +

∑n
i=1 f [i]z−i

)
Convolution f1[k] ∗ f2[k]

=
∑k
i=0 f1[k − i]f2[i]

=
∑k
i=0 f1[i]f2[k − i]

F1(z)F2(z)

Frequency scaling bkf [k] F
(
z
b

)
Complex modulation eakf [k] F (ze−a)
Power modulation akf [k] F (a−1z)
Initial value theorem f [0] lim

|z|→∞
F (z)

Final value theorem lim
k→∞

f [k] lim
z→1

(z − 1)F (z)

Table 5: Properties of the z-transform

Name f [k] F (z)

Impulse function δ[k] =
{

1, k = 0
0 k 6= 0

}
1

Step function f [k] = 1 for k ≥ 0 z
z−1 = 1

1−z−1

Power bk z
z−b = 1

1−bz−1

Exponential eak z
z−ea

Ramp sequence k z
(z−1)2

Parabolic sequence k2 z(z+1)
(z−1)3

Power ramp bkk bz
(z−b)2

General power
(
k
j−1
)
bk−(j−1) z

(z−b)j

Exponential ramp eakk zea

(z−ea)2

Sine sin[ωk] sin (a)z
z2−2 cos (ω)z+1

Cosine cos[ωk] z(z−cos (a))
z2−2 cos (ω)z+1

Power sine bk sin[ωk] b sin (ω)z
z2−2b cos (a)z+b2

Power cosine bk cos[ωk] z(z−b cos (ω))
z2−2b cos (a)z+b2

Table 6: z-transform pairs
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Continuous-time Discrete-time
ẋ(t) = Ax(t) + bu(t) x[k + 1] = Ax[k] + bu[k]
y(t) = cx(t) + du(t) y[k] = cx[k] + du[k]
x(t) = eAtx(0) +

∫ t
0 e

A(t−τ)bu(τ)dτ x[k] = Akx[0] +
∑k−1
j=1 Ak−j−1bu[j]

H(s) = c(sI−A)−1b + d H(z) = c(zI−A)−1b + d

h(t) = ceAtb + dδ(t) h[k] =
{
d k = 0
cAk−1b k > 0

h(t) = L−1 {H(s)} =
∑
iAie

pit +∑
r

∑mr

j=1 Br,j
t(j−1)

(j−1)!e
p̃rt (PFE)

h[k] = z−1 {H(z)} =
∑
iAip

k
i +∑

r

∑mr

j=1 Br,j

(
k

j − 1

)
p̃
k−(j−1)
r . (PFE)

Br,j = 1
(mr−j)!

{
dmr−j

dsmr−j (s− p̃r)mrh(s)
}
|s=p̃r

Br,j = 1
(mr−j)!

(
dmr−j

dzmr−j

(z−p̃r)mrH(z)
z

)
|z=p̃r

(sI−A)−1
L−1

�
L

eAt (zI−A)−1
z−1

�
z

Ak−1

If x̄(t) = Tx(t) then
(A,b, c, d) T−→ (Ā, b̄, c̄, d̄) where
Ā = TAT−1

b̄ = Tb
c̄ = cT−1

d̄ = d

If x̄[k] = Tx[k] then
(A,b, c, d) T−→ (Ā, b̄, c̄, d̄) where
Ā = TAT−1

b̄ = Tb
c̄ = cT−1

d̄ = d
u(t) = sin(ωt),
ys(t) = |G(iω)| sin (ωt+ ∠G(iω))

u[k] = sin(ωkT ),
ys[k] = |G(eiωT )| sin

(
ωkT + ∠G(eiωT )

)
Table 7: Summary of continuous-time and discrete-time systems theory

Observable canonical form Controllable canonical form

A



−a1 1 0 0 . . . 0 0
−a2 0 1 0 . . . 0 0
−a3 0 0 1 . . . 0 0

...
...

...
...

. . .
...

...
−an−2 0 0 0 . . . 1 0
−an−1 0 0 0 . . . 0 1
−an 0 0 0 . . . 0 0




−a1 −a2 . . . −an−1 −an

1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0



b


b1 − a1b0
b2 − a2b0

...
bn − anb0




1
0
...
0


c

(
1 0 . . . 0

) (
b1 − a1b0 b2 − a2b0 . . . bn − anb0

)
d b0 b0

Table 8: Canonical forms

S1 = I a1 = −tr(A)
S2 = S1A + a1I a2 = − 1

2 tr(S2A)
S3 = S2A + a2I a3 = − 1

3 tr(S3A)
...

...
Sn = Sn−1A + an−1I an = − 1

n tr(SnA)
(sI−A)−1 = S1s

n−1+S2s
n−2+...+Sn

sn+a1sn−1+...+an

Table 9: Fadeev algorithm
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UnPerson
Sticky Note
- Ai comes from the numerators of the PFE operation. 
- Pi is each pole
- k is just k

ignore the red

UnPerson
Highlight

UnPerson
Highlight

UnPerson
Highlight

UnPerson
Highlight



Parallel interconnection Serial interconnection

z[k + 1] =
(

A1 0
0 A2

)
z[k] +

(
b1
b2

)
r[k] z[k + 1] =

(
A1 0

b2c1 A2

)
z[k] +

(
b1

b2d1

)
r[k]

y[k] =
(
c1 c2

)
z[k] + (d1 + d2)r[k] y[k] =

(
d2c1 c2

)
z[k] + (d2d1)r[k]

Table 10: State-space interconnections

x[k + 1] = Φx[k] + Γu[k]
y[k] = cx[k] + du[k]
Φ = eAT

Γ =
∫ T

0 eAγbdγ

M =
(

A b
0 0

)
eMT =

(
Φ Γ
0 1

)

eλ1T

eλ2T

...
eλnT

 =


λn−1

1 λn−2
1 . . . 1

λn−1
2 λn−2

2 . . . 1
...

...
...

λn−1
n λn−2

n . . . 1



α1
α2
...
αn


In case of repeated eigenvalues λi, for each repetition differentiate lhs and rhs w.r.t. λi.
In case of complex values split it up, where you take the real part of both lhs and rhs and
another one where you have both imaginary parts.

Table 11: Discrete-time equivalents of continuous-time systems

Wc =
(
B AB . . . An−1B

)

W̄−1
c =



1 a1 a2 . . . an−2 an−1

0 1 a1
. . . an−3 an−2

...
. . . . . . . . . . . .

...
0 . . . 0 1 a1 a2
0 . . . 0 0 1 a1
0 . . . 0 0 0 1


T−1 = WcW̄−1

c

u[k] = −L̄x̄[k] = −L̄Tx[k] = −Lx[k]
L̄ =

(
l̄1 l̄2 . . . l̄n

)
=
(
ã1 − a1 ã2 − a2 . . . ãn − an

)
Table 12: Control
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